
Ìàòåìàòè÷åñêèé àíàëèç. Ëåêöèÿ XLV
Ñèñòåìà íåÿâíûõ ôóíêöèé

Òðóøèí Áîðèñ Âèêòîðîâè÷

(Ìîñêîâñêèé ôèçèêî-òåõíè÷åñêèé èíñòèòóò)

14 ìàÿ 2014 ã.

TrushinBV.ru Ñèñòåìà íåÿâíûõ ôóíêöèé 14 ìàÿ 2014 ã. 1 / 9



Ñèñòåìà íåÿâíûõ ôóíêöèé

Ðàññìîòðèì çàäà÷ó î âîçìîæíîñòè ðàçðåøèòü ñèñòåìó m óðàâíåíèé
îòíîñèòåëüíî m ïåðåìåííûõ.
Äëÿ ñèñòåìû m ôóíêöèé {uj(t)}mj=1 ïåðåìåííîãî t = (t1, . . . , tm)
îïðåäåëèòåëü

∂(u1, . . . , um)

∂(t1, . . . , tm)
(t) =

∣∣∣∣∣∣∣∣∣
∂u1

∂t1
(t) . . .

∂u1

∂tm
(t)

. . . . . . . . .
∂um

∂t1
(t) . . .

∂um

∂tm
(t)

∣∣∣∣∣∣∣∣∣
íàçûâàåòñÿ åå ÿêîáèàíîì.
Áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ:

x = (x1, . . . , xn),

y = (y1, . . . , ym) = (ỹ , ym), ỹ = (y1, . . . , ym−1),
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Òåîðåìà

Ïóñòü

1 ôóíêöèè Fj(x , y) = Fj(x1, . . . , xn, y1, . . . , ym) (j = 1, . . . ,m) íåïðåðûâíî
äèôôåðåíöèðóåìû â íåêîòîðîé îêðåñòíîñòè U(x (0), y (0));

2 Fj(x
(0), y (0)) = 0 (j = 1, . . . ,m);

3 J =
∂(F1, . . . ,Fm)

∂(y1, . . . , ym)

∣∣∣∣
(x (0),y (0))

6= 0.

Òîãäà ñóùåñòâóåò êóáè÷åñêàÿ îêðåñòíîñòü Qε(x
(0), y (0)), íà êîòîðîé

{Fj(x , y) = 0}mj=1 ⇔ {yj = fj(x)}mj=1,

ãäå (f1, . . . , fm): Qε(x
(0))→ Rm, ôóíêöèè fj íåïðåðûâíî äèôôåðåíöèðóåìû íà

Qε(x
(0)), fj(x

(0)) = y
(0)
j (j = 1, . . . ,m). Ïðè ýòîì

Fj(x , f1(x), . . . , fm(x)) = 0 ∀ x ∈ Qε(x
(0)) (j = 1, . . . ,m).
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Äîêàçàòåëüñòâî ïðîâåäåì èíäóêöèåé ïî m � ÷èñëó óðàâíåíèé ñèñòåìû

{Fj(x , y) = 0}mj=1.

Ïðè m = 1 òåîðåìà âåðíà (äîêàçàíî íà ïðåäûäóùåé ëåêöèè). Ïðåäïîëîæèì,
÷òî òåîðåìà ñïðàâåäëèâà äëÿ m − 1 óðàâíåíèé, è ïîêàæåì, ÷òî îíà âåðíà è
äëÿ ñëó÷àÿ m óðàâíåíèé.

Ðàçëîæèâ îïðåäåëèòåëü J ïî ýëåìåíòàì ïîñëåäíåãî ñòîëáöà, âèäèì, ÷òî, ïî
êðàéíåé ìåðå, äëÿ îäíîãî ýëåìåíòà ýòîãî ñòîëáöà àëãåáðàè÷åñêîå äîïîëíåíèå
îòëè÷íî îò íóëÿ. Ðàäè îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî

Jm−1 =
∂(F1, . . . ,Fm−1)

∂(y1, . . . , ym−1)

∣∣∣∣
(x (0),y (0))

6= 0.
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Äîêàçàòåëüñòâî ïðîâåäåì èíäóêöèåé ïî m � ÷èñëó óðàâíåíèé ñèñòåìû

{Fj(x , y) = 0}mj=1.

Ïðè m = 1 òåîðåìà âåðíà (äîêàçàíî íà ïðåäûäóùåé ëåêöèè). Ïðåäïîëîæèì,
÷òî òåîðåìà ñïðàâåäëèâà äëÿ m − 1 óðàâíåíèé, è ïîêàæåì, ÷òî îíà âåðíà è
äëÿ ñëó÷àÿ m óðàâíåíèé.
Ðàçëîæèâ îïðåäåëèòåëü J ïî ýëåìåíòàì ïîñëåäíåãî ñòîëáöà, âèäèì, ÷òî, ïî
êðàéíåé ìåðå, äëÿ îäíîãî ýëåìåíòà ýòîãî ñòîëáöà àëãåáðàè÷åñêîå äîïîëíåíèå
îòëè÷íî îò íóëÿ. Ðàäè îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî

Jm−1 =
∂(F1, . . . ,Fm−1)

∂(y1, . . . , ym−1)

∣∣∣∣
(x (0),y (0))

6= 0.
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Â ñèëó ïðåäïîëîæåíèÿ èíäóêöèè ñèñòåìó ïåðâûõ m − 1 óðàâíåíèé ìîæíî
ðàçðåøèòü îòíîñèòåëüíî y1, . . . , ym−1. Òî åñòü, ñóùåñòâóþò ÷èñëî η > 0 è
íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè

ϕj : Qη(x
(0), y (0)

m )→ R, ϕj(x
(0), y (0)

m ) = y
(0)
j (j = 1, . . . ,m − 1)

òàêèå, ÷òî èñõîäíàÿ ñèñòåìà óðàâíåíèé íà Qη(x
(0), y (0)) ⊂ U(x (0), y (0))

ýêâèâàëåíòíà ñëåäóþùåé: {
{yj = ϕj(x , ym)}m−1

j=1 ,

Fm(x , y) = 0.

Ïðè ýòîì

Fj(x , ϕ1(x , ym), . . . , ϕm−1(x , ym), ym) = 0 (j = 1, . . . ,m − 1)

ïðè (x , ym) ∈ Qη(x
(0), y

(0)
m ).
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Î÷åâèäíî, ÷òî ïîñëåäíÿÿ ñèñòåìà ðàâíîñèëüíà íà Qη(x
(0), y (0)) ñëåäóþùåé:{

{yj = ϕj(x , ym)}m−1
j=1 ,

Φ(x , ym) = 0

ïðè
Φ(x , ym) = Fm(x , ϕ1(x , ym), . . . , ϕm−1(x , ym), ym),

Φ(x (0), y (0)
m ) = Fm(x

(0), y (0)) = 0.

Óáåäèìñÿ, ÷òî ïîñëåäíåå óðàâíåíèå ïîñëåäíåé ñèñòåìû ìîæíî ðàçðåøèòü
îòíîñèòåëüíî ym.

Â ñàìîì äåëå, ôóíêöèÿ Φ íåïðåðûâíî äèôôåðåíöèðóåìà íà Qη(x
(0), y

(0)
m ) êàê

ñóïåðïîçèöèÿ íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé, Φ(x (0), y
(0)
m ) = 0.

Îñòàåòñÿ ïðîâåðèòü, ÷òî
∂Φ(x (0), y

(0)
m )

∂ym
6= 0, è ñîñëàòüñÿ íà òåîðåìó î íåÿâíîé

ôóíêöèè.
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Çàìåòèì, ÷òî

∂Φ

∂ym
=
∂Fm

∂y1

∂ϕ1

∂ym
+ · · ·+ ∂Fm

∂ym−1

∂ϕm−1

∂ym
+
∂Fm

∂ym
.

Â òî æå âðåìÿ ðåçóëüòàòîì äèôôåðåíöèðîâàíèÿ òîæäåñòâ

Fj(x , ϕ1(x , ym), . . . , ϕm−1(x , ym), ym) = 0 (j = 1, . . . ,m − 1)

ïî ym ÿâëÿþòñÿ òîæäåñòâà

∂Fj

∂y1

∂ϕ1

∂ym
+ · · ·+ ∂Fj

∂ym−1

∂ϕm−1

∂ym
+
∂Fj

∂ym
= 0, j = 1, . . . ,m − 1.

TrushinBV.ru Ñèñòåìà íåÿâíûõ ôóíêöèé 14 ìàÿ 2014 ã. 7 / 9



Íî òîãäà

J =
∂(F1, . . . ,Fm)

∂(y1, . . . , ym)

∣∣∣∣
(x (0),y (0))

=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

∂F1

∂y1
. . .

∂F1

∂ym−1

∂F1

∂ym
. . . . . . . . . . . .

∂Fm−1

∂y1
. . .

∂Fm−1

∂ym−1

∂Fm−1

∂ym
∂Fm

∂y1
. . .

∂Fm

∂ym−1

∂Fm

∂ym

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

∂F1

∂y1
. . .

∂F1

∂ym−1
0

. . . . . . . . . . . .
∂Fm−1

∂y1
. . .

∂Fm−1

∂ym−1
0

∂Fm

∂y1
. . .

∂Fm

∂ym−1

∂Φ

∂ym

∣∣∣∣∣∣∣∣∣∣∣∣∣
6= 0.

Ïðè ýòîì ïîñëåäíåå ðàâåíñòâî ïîëó÷åíî ïðèáàâëåíèåì ê ïîñëåäíåìó ñòîëáöó

îïðåäåëèòåëÿ âñåõ ïðåäøåñòâóþùèõ ñòîëáöîâ, óìíîæåííûõ íà
∂ϕj

∂ym
(j = 1, . . . ,m − 1) ñîîòâåòñòâåííî.
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Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò, ÷òî

∂Φ

∂ym
(x (0), y (0)) 6= 0.

Ðàçðåøèâ ïîñëåäíåå óðàâíåíèå ïîñëåäíåé ñèñòåìû îòíîñèòåëüíî ym â
ñîîòâåòñòâèè ñ òåîðåìîé î íåÿâíîé ôóíêöèè, ïîëó÷àåì, ÷òî íà íåêîòîðîé

êóáè÷åñêîé îêðåñòíîñòè Qε(x
(0), y

(0)
m ) ⊂ Qη(x

(0), y
(0)
m )

Φ(x , ym) = 0 ⇐⇒ ym = fm(x),

ãäå ôóíêöèÿ fm: Qε(x
(0))→ R íåïðåðûâíî äèôôåðåíöèðóåìà, fm(x

(0)) = y
(0)
m ,

Φ(x , fm(x)) = 0 ïðè x ∈ Qε(x
(0)).

Òîãäà èñõîäíàÿ ñèñòåìà íà Qε(x
(0), y (0)) ðàâíîñèëüíà

{yj = fj(x)}mj=1,

ãäå
fj(x) = ϕj(x , fm(x)) (i = 1, . . . , m − 1).

Ïðè ýòîì ôóíêöèè fj : Qε(x
(0))→ R íåïðåðûâíî äèôôåðåíöèðóåìû è

fj(x
(0)) = y

(0)
j (j = 1, . . . ,m).

Òåîðåìà äîêàçàíà.
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