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Ïðèçíàêè Äèðèõëå è Àáåëÿ

Óñòàíîâèì äâà ïðèçíàêà ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà îò
ïðîèçâåäåíèÿ äâóõ ôóíêöèé: ∫ b

a

f (x)g(x) dx .

Òåîðåìà (ïðèçíàê Äèðèõëå)

Ïóñòü −∞ < a < b 6 +∞
1 ôóíêöèÿ f íåïðåðûâíà è èìååò îãðàíè÷åííóþ ïåðâîîáðàçíóþ íà [a, b);

2 ôóíêöèÿ g íåïðåðûâíî äèôôåðåíöèðóåìà íà [a, b) è ìîíîòîííî íà [a, b)
ñòðåìèòñÿ ê íóëþ ïðè x → +∞.

Òîãäà èíòåãðàë

∫ b

a

f (x)g(x) dx ñõîäèòñÿ.
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Äîêàçàòåëüñòâî. Ïóñòü F � ïåðâîîáðàçíàÿ äëÿ f . Èíòåãðèðóÿ ïî ÷àñòÿì
ïðîèçâåäåíèå fg íà îòðåçêå [a; b′], èìååì∫ b′

a

f (x)g(x) dx =

=

∫ b′

a

F ′(x)g(x) dx = F (x)g(x)

∣∣∣∣b′

a

−
∫ b′

a

F (x)g ′(x) dx .

Çàìåòèì, ÷òî

F (x)g(x)

∣∣∣∣b′

a

= F (b′)g(b′)− F (a)g(a)→ −F (a)g(a).

Ðàññìîòðèì ïîñëåäíèé èíòåãðàë. Ïîëîæèâ M = sup
[a,∞)

|F | < +∞, èìååì

∫ b′

a

|F (x)g ′(x)| dx 6 M

∫ b′

a

|g ′(x)| dx = M

∣∣∣∣∣
∫ b′

a

g ′(x) dx

∣∣∣∣∣ =
= M

∣∣∣g(x)∣∣b′

a

∣∣∣→ M|g(a)|.

Ïîýòîìó èíòåãðàë

∫ b

a

|F (x)g ′(x)| dx àáñîëþòíî ñõîäÿùèéñÿ.
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Òåîðåìà (ïðèçíàê Àáåëÿ)

Ïóñòü −∞ < a < b 6 +∞
1 ôóíêöèÿ f íåïðåðûâíà íà [a, b) è èíòåãðàë

∫ b

a
f (x) dx ñõîäèòñÿ;

2 ôóíêöèÿ g íåïðåðûâíî äèôôåðåíöèðóåìà, îãðàíè÷åíà è ìîíîòîííà íà
[a, b).

Òîãäà èíòåãðàë

∫ b

a

f (x)g(x) dx ñõîäèòñÿ.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî ïðèçíàê Àáåëÿ âûòåêàåò èç ïðèçíàêà Äèðèõëå.
Ñíà÷àëà çàìåòèì, ÷òî ôóíêöèÿ f èìååò íà [a, b) ïåðâîîáðàçíóþ

F (x) =

∫ x

a

f (t) dt, îãðàíè÷åííîñòü êîòîðîé ñëåäóåò èç åå íåïðåðûâíîñòè è

ñóùåñòâîâàíèÿ êîíå÷íîãî ïðåäåëà

lim
x→b

F (x) =

∫ b

a

f (t) dt.
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Â ñèëó ìîíîòîííîñòè è îãðàíè÷åííîñòè ôóíêöèè g ñóùåñòâóåò lim
x→b

g(x) = c .

Òîãäà ôóíêöèÿ g̃ = g − c íåïðåðûâíî äèôôåðåíöèðóåìà è ìîíîòîííà íà
[a, b) è g̃(x)→ 0 ïðè x → b. Ïîýòîìó èíòåãðàë∫ b

a

f (x)g(x) dx =

∫ b

a

f (x)g̃(x) dx +

∫ b

a

cf (x) dx

ñõîäèòñÿ êàê ñóììà äâóõ ñõîäÿùèõñÿ èíòåãðàëîâ (ïåðâûé èç íèõ ñõîäèòñÿ ïî
ïðèçíàêó Äèðèõëå, à âòîðîé � ïî óñëîâèþ òåîðåìû).
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Êðèâîëèíåéíûå èíòåãðàëû ïåðâîãî ðîäà

Ïóñòü â òðåõìåðíîì ïðîñòðàíñòâå R3 çàäàíà ãëàäêàÿ êðèâàÿ

Γ = {~r(t) : a 6 t 6 b} = {(x(t), y(t), z(t)) : a 6 t 6 b},

òî åñòü íåïðåðûâíî äèôôåðåíöèðóåìàÿ êðèâàÿ áåç îñîáûõ òî÷åê.

Îïðåäåëåíèå

Ïóñòü ÷èñëîâàÿ ôóíêöèÿ F îïðåäåëåíà íà ìíîæåñòâå Γ . Òîãäà
êðèâîëèíåéíûì èíòåãðàëîì ïåðâîãî ðîäà îò ôóíêöèè F ïî êðèâîé Γ
íàçûâàåòñÿ ÷èñëî∫

Γ

F (x , y , z) ds =

∫ b

a

F (x(t), y(t), z(t))|~r ′(t)| dt.
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Òåîðåìà

Êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà íå çàâèñèò îò ïàðàìåòðèçàöèè
ãëàäêîé êðèâîé Γ .

Äîêàçàòåëüñòâî. Ïóñòü t = t(τ) � äîïóñòèìàÿ çàìåíà ïàðàìåòðà íà Γ , òî åñòü
t: [α, β]→ [a; b], ôóíêöèÿ t íåïðåðûâíî äèôôåðåíöèðóåìà íà [α, β], t ′ 6= 0 íà
[α, β] (t(α) = a, t(β) = b ïðè t ′ > 0; t(α) = b, t(β) = a ïðè t ′ < 0),
~ρ(τ) = ~r(t(τ)). Òîãäà

Γ = {~ρ(τ) : α 6 τ 6 β}.
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Ñ ïîìîùüþ çàìåíû ïåðåìåííîãî â èíòåãðàëå, ïîëó÷àåì∫ β

α

F (x(t(τ)), y(t(τ)), z(t(τ)))|~ρ′(τ)| dτ =

=

∫ β

α

F (x(t(τ)), y(t(τ)), z(t(τ)))

∣∣∣∣d~rdt
(t(τ))

∣∣∣∣ |t ′(τ)| dτ =

= (sign t ′)

∫ β

α

F (x(t(τ)), y(t(τ)), z(t(τ)))

∣∣∣∣d~rdt
(t(τ))

∣∣∣∣ t ′(τ) dτ =

= (sign t ′)

∫ t(β)

t(α)

F (x(t), y(t), z(t))|~r ′(t)| dt =

=

∫ b

a

F (x(t), y(t), z(t))|~r ′(t)| dt.
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Êðèâîëèíåéíûå èíòåãðàëû âòîðîãî ðîäà

Ïóñòü
Γ = {~r(t) : a 6 t 6 b} = {(x(t), y(t), z(t)) : a 6 t 6 b}

� ãëàäêàÿ îðèåíòèðîâàííàÿ êðèâàÿ â òðåõìåðíîì ïðîñòðàíñòâå, A = r(a) � åå
íà÷àëî, B = r(b) � åå êîíåö. Åäèíè÷íûé âåêòîð åå êàñàòåëüíîé

~t =
~r ′(t)

|~r ′(t)|
=

(
dx

ds
,

dy

ds
,

dz

ds

)
= (cosα, cosβ, cos γ)

(íàïðàâëåííûé â ñòîðîíó âîçðàñòàíèÿ ïàðàìåòðà íà êðèâîé) íåïðåðûâíî
çàâèñèò îò ïàðàìåòðà t.
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Îïðåäåëåíèå

Ïóñòü â R3 ôèêñèðîâàíà ïðÿìîóãîëüíàÿ äåêàðòîâà ñèñòåìà êîîðäèíàò è íà
ìíîæåñòâå Γ çàäàíî âåêòîðíîå ïîëå ~a = (P,Q,R). Òîãäà∫

Γ

P dx + Q dy + R dz =

=

∫ b

a

(P(x(t), y(t), z(t))x ′(t) + Q(x(t), y(t), z(t))y ′(t)+

+R(x(t), y(t), z(t))z ′(t)) dt =

=

∫ b

a

(~a,~r ′) dt

íàçûâàåòñÿ êðèâîëèíåéíûì èíòåãðàëîì âòîðîãî ðîäà îò âåêòîðíîãî ïîëÿ
~a = (P,Q,R) ïî êðèâîé Γ .

Ýòîò èíòåãðàë ÷àñòî îáîçíà÷àþò òàêæå ñèìâîëîì

∫
Γ

(~a, d~r).
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Ëåììà (âûðàæåíèå êðèâîëèíåéíîãî èíòåãðàëà âòîðîãî ðîäà ÷åðåç
êðèâîëèíåéíûé èíòåãðàë ïåðâîãî ðîäà)∫

Γ

P dx + Q dy + R dz =

∫
Γ

(P cosα+ Q cosβ + R cos γ) ds.

Äîêàçàòåëüñòâî. Äëÿ îáîñíîâàíèÿ äîñòàòî÷íî â îïðåäåëåíèè çàìåíèòü x ′(t),
y ′(t), z ′(t) íà ðàâíûå èì âåëè÷èíû:

x ′ =
dx

ds
|~r ′| = cosα|~r ′|,

y ′ =
dy

ds
|~r ′| = cosβ|~r ′|,

z ′ =
dz

ds
|~r ′| = cos γ|~r ′|.
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Ëåììà
Êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà íå çàâèñèò îò ïàðàìåòðèçàöèè
ãëàäêîé êðèâîé ñ ôèêñèðîâàííîé îðèåíòàöèåé.

Äîêàçàòåëüñòâî òàêîå æå, êàê äëÿ êðèâîëèíåéíîãî èíòåãðàëà ïåðâîãî ðîäà.
Ñëåäóåò ëèøü ó÷åñòü äîïîëíèòåëüíîå òðåáîâàíèå t ′(τ) > 0 íà äîïóñòèìóþ
çàìåíó ïàðàìåòðà t = t(τ), îçíà÷àþùåå ñîõðàíåíèå îðèåíòàöèè êðèâîé ïðè
ïåðåõîäå ê åå ïàðàìåòðè÷åñêîìó çàäàíèþ ñ ïîìîùüþ ïàðàìåòðà τ .
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Ëåììà
Ïðè èçìåíåíèè îðèåíòàöèè êðèâîé Γ êðèâîëèíåéíûé èíòåãðàë âòîðîãî ðîäà
ìåíÿåò çíàê.

Äîêàçàòåëüñòâî. Ýòî óòâåðæäåíèå ÿâëÿåòñÿ ïðîñòûì ñëåäñòâèåì ðàâåíñòâà∫
Γ

P dx + Q dy + R dz =

∫
Γ

(P cosα+ Q cosβ + R cos γ) ds.
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