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Ñâÿçü ìåæäó îïðåäåëåííûì è íåîïðåäåëåííûì

èíòåãðàëàìè

Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a; b]. Òîãäà íà [a; b] îïðåäåëåíà
ôóíêöèÿ

F (x) =

∫ x

a

f (t) dt, a 6 x 6 b,

íàçûâàåìàÿ èíòåãðàëîì ñ ïåðåìåííûì âåðõíèì ïðåäåëîì.

Òåîðåìà

Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a; b]. Òîãäà ôóíêöèÿ F
íåïðåðûâíà íà [a; b].
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Äîêàçàòåëüñòâî. Ïóñòü x0, x0 + ∆x ∈ [a; b]. Òîãäà

F (x0 + ∆x)− F (x0) =

∫ x0+∆x

a

f (t) dt −
∫ x0

a

f (t) dt =

∫ x0+∆x

x0

f (t) dt.

Íà [a; b] ôóíêöèÿ f îãðàíè÷åíà (ïîñêîëüêó îíà èíòåãðèðóåìà), òàê ÷òî ïðè
íåêîòîðîì M ∈ R

|f (t)| 6 M ∀ t ∈ [a; b].

Ñëåäîâàòåëüíî,

|F (x0 + ∆x)− F (x0)| 6 M|∆x | → 0 ïðè ∆x → 0,

÷òî è òðåáîâàëîñü ïîêàçàòü.
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Òåîðåìà

Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà îòðåçêå [a; b] è íåïðåðûâíà â òî÷êå

x0 ∈ [a; b]. Òîãäà ôóíêöèÿ F (x) =

∫ x

a

f (t) dt èìååò ïðîèçâîäíóþ â òî÷êå x0 è

F ′(x0) = f (x0)

(ïîä F ′(x0) â ñëó÷àå x0 = a èëè x0 = b ïîäðàçóìåâàåòñÿ îäíîñòîðîííÿÿ
ïðîèçâîäíàÿ).

Äîêàçàòåëüñòâî. Âû÷èòàÿ èç
∆F (x0)

∆x
ïðåäïîëàãàåìûé ïðåäåë f (x0), ïðè

x0 + ∆x ∈ [a; b] èìååì

∆F (x0)

∆x
− f (x0) =

1

∆x

∫ x0+∆x

x0

[f (t)− f (x0)] dt.

Ïóñòü ε > 0. Òîãäà â ñèëó íåïðåðûâíîñòè f â òî÷êå x0

∃ δ = δ(ε) > 0 : |f (t)− f (x0)| < ε, åñëè t ∈ [a; b], |t − x0| < δ.
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Ñëåäîâàòåëüíî, ïðè |∆x | < δ∣∣∣∣∆F (x0)

∆x
− f (x0)

∣∣∣∣ 6 1

∆x

∫ x0+∆x

x0

|f (t)− f (x0)| dt 6

6 ε
1

∆x

∫ x0+∆x

x0

1 dt = ε.

Íî ýòî îçíà÷àåò, ÷òî

∆F (x0)

∆x
→ f (x0) ïðè x0 + ∆x ∈ [a; b], ∆x → 0,

÷òî è òðåáîâàëîñü ïîêàçàòü.
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Ïóñòü ôóíêöèÿ f èíòåãðèðóåìà íà [a; b]. Òîãäà íà [a; b] îïðåäåëåíà ôóíêöèÿ

G (x) =

∫ b

x

f (t) dt, x ∈ [a; b],

íàçûâàåìàÿ èíòåãðàëîì ñ ïåðåìåííûì íèæíèì ïðåäåëîì.

Ïîñêîëüêó

G (x) =

∫ b

a

f (t) dt − F (x),

òî ôóíêöèÿ G íåïðåðûâíà íà [a; b]. Åñëè æå f íåïðåðûâíà â òî÷êå x0 ∈ [a; b],
òî ñóùåñòâóåò G ′(x0) è

G ′(x0) = −F ′(x0) = −f (x0).
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Òåîðåìà

Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà èíòåðâàëå (a; b). Òîãäà îíà èìååò íà (a; b)
ïåðâîîáðàçíóþ

F (x) =

∫ x

x0

f (t) dt, ãäå x0 ∈ (a; b).

Äîêàçàòåëüñòâî ñëåäóåò èç ïðåäûäóùåé òåîðåìû.
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Òåîðåìà (îñíîâíàÿ òåîðåìà èíòåãðàëüíîãî èñ÷èñëåíèÿ)

Ïóñòü ôóíêöèÿ f íåïðåðûâíà íà îòðåçêå [a; b] è Φ � åå ïåðâîîáðàçíàÿ íà
ýòîì îòðåçêå. Òîãäà ∫ b

a

f (x) dx = Φ

∣∣∣∣b
a

,

ãäå Φ

∣∣∣∣b
a

= Φ(b)− Φ(a).

Ýòà ôîðìóëà íàçûâàåòñÿ ôîðìóëîé Íüþòîíà�Ëåéáíèöà.

Äîêàçàòåëüñòâî. Ôóíêöèÿ F (x) =

∫ x

a

f (t) dt ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ

ôóíêöèè f íà îòðåçêå [a; b]. Ïîýòîìó F (x) = Φ(x) + C ïðè a 6 x 6 b.
Îòñþäà ∫ x

a

f (t)dt = F (x)− F (a) = (Φ(x) + C )− (Φ(a) + C ) =

= Φ(x)− Φ(a), a 6 x 6 b.

Ïîñëåäíåå ðàâåíñòâî ïðè x = b ñîâïàäàåò ñ óòâåðæäåíèåì òåîðåìû.
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Óïðàæíåíèå

Ïóñòü íà [a; b] ôóíêöèÿ f èíòåãðèðóåìà è èìååò ïåðâîîáðàçíóþ F . Äîêàçàòü,

÷òî

∫ b

a

f (x) dx = F (b)− F (a).
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Çàìåíà ïåðåìåííîé

Òåîðåìà î çàìåíå ïåðåìåííîé

Ïóñòü ôóíêöèÿ ϕ íåïðåðûâíî äèôôåðåíöèðóåìà íà îòðåçêå [α, β], à ôóíêöèÿ
f íåïðåðûâíà íà îòðåçêå ϕ([α, β]), a = ϕ(α), b = ϕ(β). Òîãäà∫ b

a

f (x) dx =

∫ β

α

f (ϕ(t))ϕ′(t) dt.

Äîêàçàòåëüñòâî. Ïóñòü Φ � ïåðâîîáðàçíàÿ äëÿ f íà îòðåçêå ϕ([α, β]). Òîãäà
Φ(ϕ) � ïåðâîîáðàçíàÿ äëÿ f (ϕ)ϕ′ íà îòðåçêå [α, β], ïîñêîëüêó
(Φ(ϕ))′(t) = f (ϕ(t))ϕ′(t), ãäå ïðîèçâîäíûå ïðè t = α è ïðè t = β
ïîíèìàþòñÿ êàê îäíîñòîðîííèå.
Äâàæäû âîñïîëüçîâàâøèñü ôîðìóëîé Íüþòîíà�Ëåéáíèöà, ïîëó÷àåì∫ b

a

f (x) dx = Φ(b)− Φ(a),∫ β

α

f (ϕ(t))ϕ′(t) dt = Φ(ϕ(β))− Φ(ϕ(α)) = Φ(b)− Φ(a).

Èç ýòèõ äâóõ ðàâåíñòâ âûòåêàåò óòâåðæäåíèå òåîðåìû.
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Çàìåíà ïåðåìåííîé

Òåîðåìà î çàìåíå ïåðåìåííîé
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Çàìåíà ïåðåìåííîé
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Óïðàæíåíèå

Äîêàæèòå, ÷òî åñëè ôóíêöèÿ ϕ′ íåïðåðûâíà íà [α, β], ϕ′ 6= 0 íà [α, β],
ϕ(α) = a, ϕ(β) = b, òî èç ñóùåñòâîâàíèÿ îäíîãî èç èíòåãðàëîâ ôîðìóëû∫ b

a

f (x) dx =

∫ β

α

f (ϕ(t))ϕ′(t) dt.

ñëåäóåò ñóùåñòâîâàíèå äðóãîãî èíòåãðàëà è èõ ðàâåíñòâî.
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Èíòåãðèðîâàíèå ïî ÷àñòÿì

Òåîðåìà (èíòåãðèðîâàíèå ïî ÷àñòÿì)

Ïóñòü ôóíêöèè u, v íåïðåðûâíî äèôôåðåíöèðóåìû íà îòðåçêå [a; b]. Òîãäà∫ b

a

u(x)v ′(x) dx = u(x)v(x)

∣∣∣∣b
a

−
∫ b

a

u′(x)v(x) dx .

Äîêàçàòåëüñòâî. Èç ðàâåíñòâà

u(x)v ′(x) = (u(x)v(x))′ − u′(x)v(x), a 6 x 6 b,

ñëåäóåò, ÷òî∫ b

a

u(x)v ′(x) dx =

∫ b

a

(u(x)v(x))′ dx −
∫ b

a

u′(x)v(x) dx .

Îñòàåòñÿ çàìåòèòü, ÷òî ïî ôîðìóëå Íüþòîíà�Ëåéáíèöà∫ b

a

(u(x)v(x))′ dx = u(b)v(b)− u(a)v(a).
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Èíòåãðèðîâàíèå ïî ÷àñòÿì
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Èíòåãðèðîâàíèå ïî ÷àñòÿì
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Îïðåäåëåíèå

Ôóíêöèÿ f : [a; b]→ R íàçûâàåòñÿ íåïðåðûâíîé è êóñî÷íî íåïðåðûâíî

äèôôåðåíöèðóåìîé íà îòðåçêå [a; b], åñëè îíà íåïðåðûâíà íà [a; b] è
ñóùåñòâóåò ðàçáèåíèå {ai}k0 îòðåçêà [a; b], ïðè êîòîðîì ïðîèçâîäíàÿ f ′

íåïðåðûâíà íà êàæäîì îòðåçêå [ai−1, ai ], åñëè â åãî êîíöàõ ïðîèçâîäíóþ
ïîíèìàòü êàê îäíîñòîðîííþþ.
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Îáîáùèì ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà.

Îïðåäåëåíèå

Èíòåãðàëîì ïî îòðåçêó [a; b] ôóíêöèè f , îïðåäåëåííîé íà îòðåçêå [a; b] çà
èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà òî÷åê, íàçûâàåòñÿ ÷èñëî∫ b

a

f (x) dx =

∫ b

a

f̃ (x) dx ,

åñëè ñòîÿùèé ñïðàâà èíòåãðàë ñóùåñòâóåò, ãäå f̃ : [a; b]→ R � ôóíêöèÿ f ,
êàêèì-ëèáî îáðàçîì äîîïðåäåëåííàÿ â ýòèõ òî÷êàõ.

Èíòåãðàë

∫ b

a

f (x) dx îïðåäåëåí çäåñü êîððåêòíî, òàê êàê

∫ b

a

f̃ (x) dx íå

çàâèñèò îò ñïîñîáà äîîïðåäåëåíèÿ ôóíêöèè f .
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Îáîáùèì ïîíÿòèå îïðåäåëåííîãî èíòåãðàëà.
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Òåîðåìà (èíòåãðèðîâàíèå ïî ÷àñòÿì)

Ïóñòü ôóíêöèè u, v íåïðåðûâíû è êóñî÷íî íåïðåðûâíî äèôôåðåíöèðóåìû íà
îòðåçêå [a; b]. Òîãäà ñïðàâåäëèâà ôîðìóëà∫ b

a

u(x)v ′(x) dx = u(x)v(x)

∣∣∣∣b
a

−
∫ b

a

u′(x)v(x) dx .

Äîêàçàòåëüñòâî. Â ñèëó îïðåäåëåíèÿ êóñî÷íî íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé ñóùåñòâóåò ðàçáèåíèå {ai}k0 îòðåçêà [a; b], ïðè
êîòîðîì ôóíêöèè u, v íåïðåðûâíî äèôôåðåíöèðóåìû íà êàæäîì îòðåçêå
[ai−1, ai ] (i = 1, . . . , k). Â ñèëó ïðåäûäóùåãî îïðåäåëåíèÿ∫ b

a

u(x)v ′(x) dx =
k∑

i=1

∫ ai

ai−1

u(x)v ′(x) dx .
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Òåîðåìà (èíòåãðèðîâàíèå ïî ÷àñòÿì)

Ïóñòü ôóíêöèè u, v íåïðåðûâíû è êóñî÷íî íåïðåðûâíî äèôôåðåíöèðóåìû íà
îòðåçêå [a; b]. Òîãäà ñïðàâåäëèâà ôîðìóëà∫ b

a

u(x)v ′(x) dx = u(x)v(x)

∣∣∣∣b
a

−
∫ b

a

u′(x)v(x) dx .

Äîêàçàòåëüñòâî. Â ñèëó îïðåäåëåíèÿ êóñî÷íî íåïðåðûâíî
äèôôåðåíöèðóåìûõ ôóíêöèé ñóùåñòâóåò ðàçáèåíèå {ai}k0 îòðåçêà [a; b], ïðè
êîòîðîì ôóíêöèè u, v íåïðåðûâíî äèôôåðåíöèðóåìû íà êàæäîì îòðåçêå
[ai−1, ai ] (i = 1, . . . , k). Â ñèëó ïðåäûäóùåãî îïðåäåëåíèÿ∫ b

a

u(x)v ′(x) dx =
k∑

i=1

∫ ai

ai−1

u(x)v ′(x) dx .
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Ïðèìåíÿÿ ê êàæäîìó ñëàãàåìîìó ïðàâîé ÷àñòè ïðåäûäóùóþ òåîðåìó,
ïîëó÷àåì, ÷òî∫ b

a

u(x)v ′(x) dx =
k∑

i=1

(
u(x)v(x)

∣∣∣∣ai
ai−1

−
∫ ai

ai−1

u′(x)v(x) dx

)
=

= u(x)v(x)

∣∣∣∣b
a

−
∫ b

a

u′(x)v(x) dx .
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