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OTKprTbIe N 3aMKHYTbI€ MHOXXECTBA

Onpegenexne

Touka x € R" Ha3biBaeTCss BHYTpeHHeN To4kor muoxecTea E C R", ecnn

Je>0: U x)CE.
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OTKprTbIe N 3aMKHYTbI€ MHOXXECTBA

Onpegenexne

Touka x € R" Ha3biBaeTCss BHYTpeHHeN To4kor muoxecTea E C R", ecnn
Je>0: U x)CE.

MHoxecTBo E C R"” Ha3blBaeTCS OTKPbITbIM, ECAN KaXKAAs €ro To4Ka sIBAseTCs
BHYTPEHHEN.
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OTKprTbIe N 3aMKHYTbI€ MHOXXECTBA

Onpegenexne

Touka x € R" Ha3biBaeTCss BHYTpeHHeN To4kor muoxecTea E C R", ecnn
Je>0: U x)CE.

MHoxecTBo E C R"” Ha3blBaeTCS OTKPbITbIM, ECAN KaXKAAs €ro To4Ka sIBAseTCs
BHYTPEHHEN.

VnpaxHeHune

LokaxkuTte, 4to

Q nepece4yeHne KOHEYHOro 4ncna OTKPbITbIX MHOXECTB SABNSAETCA OTKPbITbIM
MHO>XECTBOM;

©Q obbegmHeHne n0OOro Habopa OTKPBLITHIX MHOXECTB SBISIETCS OTKPbITHIM
MHOXXECTBOM.
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e-okpectHocTb U (a) Toukn a € R" siBnsieTcst OTKPbITbIM MHOXeCTBOM B R”.
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g-okpectHocTb U.(a) Toukn a € R” sBsieTcss OTKPbITHIM MHOXECTBOM B R".

[JokazaTenbctso. Tpebyercs gokasaTb, 4TO BCsikast Todka u3 U.(a) sensercs
BHyTpeHHeii. Mycte x € U-(a). Torga r=|x—al<emd=ec—r>0.
HocTatouno nokasatsb, 4to Us(x) C U:(a), To ectb 4To BCsikas Touka y u3 Us(x)
npuHagnexut U.(a).
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g-okpectHocTb U.(a) Toukn a € R” sBsieTcss OTKPbITHIM MHOXECTBOM B R".

[JokazaTenbctso. Tpebyercs gokasaTb, 4TO BCsikast Todka u3 U.(a) sensercs
BHyTpeHHeii. Mycte x € U-(a). Torga r=|x—al<emd=ec—r>0.
HocTatouno nokasatsb, 4to Us(x) C U:(a), To ectb 4To BCsikas Touka y u3 Us(x)
npuHagnexut U.(a).

Myctb y € Us(x), 10 ecTb |y — x| < §. Toraa B cuiy HepaBeHCTBA TPEYroNbHMKA

ly—al<|ly—x|+|x—al<d+r=¢,

10 ecTb y € U.(a), 4To n TpeboBanock nokasatb.
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Onpegenexne

Bcsikoe 0TKpbITOE MHOXECTBO, COAEpIKALUEE TOUKY X, Ha3blBAETCS OKPECTHOCTbIO
TO4YKM X 1 0bo3HavaeTcs U(x).
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Onpegenexne

Bcsikoe 0TKpbITOE MHOXECTBO, COAEpIKALUEE TOUKY X, Ha3blBAETCS OKPECTHOCTbIO
TO4YKM X 1 0bo3HavaeTcs U(x).

B cuny npepbiayuieii neMMbl £-OKPECTHOCTb TOYKU X SIBJISIETCS €6 OKPECTHOCTHIO.
C ppyroii cTopoHbl, ans Besikoii okpectHoctu U(x) Toukm x Haigeres € > 0
Takoe, yto U:(x) C U(x).
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Onpegenexne

Bcsikoe 0TKpbITOE MHOXECTBO, COAEpIKALUEE TOUKY X, Ha3blBAETCS OKPECTHOCTbIO
TO4YKM X 1 0bo3HavaeTcs U(x).

B cuny npepbiayuieii neMMbl £-OKPECTHOCTb TOYKU X SIBJISIETCS €6 OKPECTHOCTHIO.
C ppyroii cTopoHbl, ans Besikoii okpectHoctu U(x) Toukm x Haigeres € > 0
Takoe, yto U:(x) C U(x).

VnpaxHeHne

Cdpopmynupyiite onpegenerue npegena lim x(™ = a nocnegoBatensHocTy,
m—00

ncnonb3ys okpectHoctn U(a) Bmecto e-okpectroctei U, (a).
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Onpegenexne

Bcsikoe 0TKpbITOE MHOXECTBO, COAEpIKALUEE TOUKY X, Ha3blBAETCS OKPECTHOCTbIO
TO4YKM X 1 0bo3HavaeTcs U(x).

B cuny npepbiayuieii neMMbl £-OKPECTHOCTb TOYKU X SIBJISIETCS €6 OKPECTHOCTHIO.
C ppyroii cTopoHbl, ans Besikoii okpectHoctu U(x) Toukm x Haigeres € > 0
Takoe, yto U:(x) C U(x).

VnpaxHeHne

Cdpopmynupyiite onpegenerue npegena lim x(™ = a nocnegoBatensHocTy,
m—00

ncnonb3ys okpectHoctn U(a) Bmecto e-okpectroctei U, (a).

B panbHeiiwem OyayT ncnonb3oBaThCs 0003HAYEHUSI MPOKONOTbIX OKPECTHOCTEIA:

Ua(x) = U-0) \ {x}, - U(x) = U(x) \ {x}.
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Onpegenexne

Touka a € R" Ha3biBaeTCs npegesnbHoi To4koi mHoxecTBa E C R", ecnn

F{xMy: YvmeN = a#xMeE  lim x(M=a

m— 00
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Touka a € R" Ha3biBaeTCs npegesnbHoi To4koi mHoxecTBa E C R", ecnn

F{xM}: YvmeN - a#x™eE, lim x(m = a,

Onpegenexne

Touka a € R" Ha3biBaeTCs npegenbHoii To4Ykol MHoxKecTBa E C R”, ecnn

Ve>0 — EnU.(a) # 2.
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Touka a € R" Ha3biBaeTCs npegesnbHoi To4koi mHoxecTBa E C R", ecnn

F{xM}: YvmeN - a#x™eE, lim x(m = a,

Onpegenexne

| 3
\

Touka a € R" Ha3biBaeTCs npegenbHoii To4Ykol MHoxKecTBa E C R”, ecnn

Ve>0 — EnU.(a) # 2.

5\

VnpaxxHeHune

[ oKa>knte 3KBMBAJIEHTHOCTb 3TUX ONMPEAEEHNIA.
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Onpegenexne

Muoxecteo E C R"” Ha3biBaeTCs 3aMKHYTbIM, €CJIN OHO COLEPXKUT BCE CBOW
npeaesnbHble TOYKH.
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Muoxecteo E C R"” Ha3biBaeTCs 3aMKHYTbIM, €CJIN OHO COLEPXKUT BCE CBOW
npeaesnbHble TOYKH.

| A

VnpaxHeHune

[okaxuTe, 4To
Q 00begnHEHNE KOHEYHOTO HMCJIA 3aMKHYTbIX MHOXECTB 3aMKHYTO;

@ nepeceyerne ntoboro Habopa 3aMKHYTbIX MHOXECTB 3aMKHYTO.
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Muoxecteo E C R"” Ha3biBaeTCs 3aMKHYTbIM, €CJIN OHO COLEPXKUT BCE CBOW
npefenbHble TOYKU.

o’

VnpaxHeHune

JokaxuTe, 4T0O
© 0ObefMHEHNE KOHEYHOrO HMCAA 3aMKHYTbIX MHOXECTB 3aMKHYTO;

@ nepeceyerne ntoboro Habopa 3aMKHYTbIX MHOXECTB 3aMKHYTO.

Onpegenexne
Mycte E C R". MHoxecTBO

E=EU{x: x € R" x - npeaentHas To4ka MHOXecTBa E}

Ha3bIBAETCS 3aMbIKaHNEM MHOXECTBA E. )
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Muoxecteo E C R"” Ha3biBaeTCs 3aMKHYTbIM, €CJIN OHO COLEPXKUT BCE CBOW
npefenbHble TOYKU.

o’

VnpaxHeHune

JokaxuTe, 4T0O

Q 061>ep,v|HeH|/|e KOHEYHOro 4Hncna 3aMKHYTbIX MHOXXECTB 3dMKHYTO;

@ nepeceyerne ntoboro Habopa 3aMKHYTbIX MHOXECTB 3aMKHYTO.

Onpegenexne

Mycte E C R". MHoxecTBO
E=EU{x: x € R" x - npeaentHas To4ka MHOXecTBa E}

Ha3bIBAETCS 3aMbIKaHNEM MHOXECTBA E.

VnpaxkHeHune

MHoxkecToBO E 3aMKHYTO Toraa u Tonbko Torga, korga E = E.
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3ambikavne E muoxectBa E C R” sBNsSieTCS 3aMKHYTbIM MHOXXECTBOM.
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3ambikavne E muoxectBa E C R” sBNsSieTCS 3aMKHYTbIM MHOXXECTBOM.

[okazaTensctBo. llycts E # & n a — npegenibHas To4ka MHOXeCTBA E.
Tpebyertcs gokasatb, 4to a € E.
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3ambikavne E muoxectBa E C R” sBNsSieTCS 3aMKHYTbIM MHOXXECTBOM.

Nokasatenscteo. MycTs E # @ n a — npefenbHas Touka MHoxXecTea E.
Tpebyetcs gokaszatb, 4yto a € E. o onpegeneHnto npegensHOR To4Kn

MY a£ym™MeE en=|y"™ —al = 0npn m— oo.

MokaxkeM, 4TO a — NpeaenbHas To4ka MHOXecTBa E u, cnepoBatensHo, a € E.
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3ambikavne E muoxectBa E C R” sBNsSieTCS 3aMKHYTbIM MHOXXECTBOM.

Nokasatenscteo. MycTs E # @ n a — npefenbHas Touka MHoxXecTea E.
Tpebyetcs gokaszatb, 4yto a € E. o onpegeneHnto npegensHOR To4Kn

MY a£ym™MeE en=|y"™ —al = 0npn m— oo.

MokaxkeM, 4TO a — NpeaenbHas To4ka MHOXecTBa E u, cnepoBatensHo, a € E.
[ns 3TOro nocTponm nociefoBaTeNIbHOCTb

(xXimMy: a#xMecE  |xX™ —a - 0npu m— co.
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3ambikanne E mHoxecTBa E C R” ABnseTcs 3aMKHYTbIM MHOXXECTBOM

Dokazatenscteo. Mycts E # @ n a — npefenbHas Touka MHoxecTea E
Tpebyetcs gokaszatb, 4yto a € E. o onpegeneHnto npegensHOR To4Kn

em=|y'™ —a] = 0 npu m — .

Iy a#yMeE,
MokaxkeM, 4TO a — NpepenbHas To4ka MHOXecTBa E un, cnepoBaTentHo, a € E

[nst 3TOro NOCTPOMM MOC/IE[OBATENBHOCTD
(xXimMy: a#xMecE  |xX™ —a - 0npu m— co.

Ecan y(™ € E, 1o nonoxum x(M = y(’"L. Ecm y(™ & E, 1o y(™ — npepenbras
Touka MHoxecTBa E (nockonbky y(™ € E). B stom cnyuae uepes x(™)
2

€
0603HauMM Takyto TouKy MHOxXecTBa E, uto |x(M — y(m)| < =7
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Ntak, gna noctpoennoii nocnegosatensioctu {x(M} umeem x(M ¢ E,

Em

0< 2 —af = X =y < x™ — 5] <

3
<A =y ) o] < e
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VTak, pns nocTpoeHHOl nocneaoBaTenbHOCTU {x(m)} nmeem x(M € E,

Em

0< 2 —af = X =y < x™ — 5] <

3
<A™ =y ) — 8] < S,

OTcroga BMAHO, 4TO a — nNpeaebHas TOYKa MHOXeCTBa E, 4To n Tpebosanoch
nokasaThb.
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VTak, pns nocTpoeHHOl nocneaoBaTenbHOCTU {x(m)} nmeem x(M € E,

0< < —al = X7y < ] —al <

3
<A™ =y ) — 8] < S,

OTcroga BMAHO, 4TO a — nNpeaebHas TOYKa MHOXeCTBa E, 4To n Tpebosanoch
nokasaThb.

[okazaHHylO neMMy MOXHO ChOPMYNMpoBaTh B BUAE:

E=E.
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VnpaxHeHune

Lokaxkute, 4To ecnn F — 3aMKHYTOe, a G — OTKPbLITOE MHOXECTBa MPOCTPAHCTBA
R", to F\ G 3amkHyT0, @ G \ F oTKpbITO.
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VnpaxHeHune

Lokaxkute, 4To ecnn F — 3aMKHYTOe, a G — OTKPbLITOE MHOXECTBa MPOCTPAHCTBA
R", to F\ G 3amkHyT0, @ G \ F oTKpbITO.

Onpegenexne

Touka a € R” nHasbiBaeTcs rpaHnyHol Toukoi mHoxectsa E C R”, ecan Uc(a)
npu nobom € > 0 cogepxuT Kak Toukn U3 E, Tak n Toukn He n3 E.
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VnpaxHeHune

Lokaxkute, 4To ecnn F — 3aMKHYTOe, a G — OTKPbLITOE MHOXECTBa MPOCTPAHCTBA
R", to F\ G 3amkHyT0, @ G \ F oTKpbITO.

Onpegenexne

Touka a € R” nHasbiBaeTcs rpaHnyHol Toukoi mHoxectsa E C R”, ecan Uc(a)
npu nobom € > 0 cogepxuT Kak Toukn U3 E, Tak n Toukn He n3 E.
Ipauuyeii OE mHoxectsa E C R" Ha3bIBaeTCsA MHOXKECTBO rPaHNYHbIX TOHEK
MHOXecTBa E.
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VnpaxHeHune

Lokaxkute, 4To ecnn F — 3aMKHYTOe, a G — OTKPbLITOE MHOXECTBa MPOCTPAHCTBA
R", to F\ G 3amkHyT0, @ G \ F oTKpbITO.

Onpegenexne

Touka a € R” nHasbiBaeTcs rpaHnyHol Toukoi mHoxectsa E C R”, ecan Uc(a)
npu nobom € > 0 cogepxuT Kak Toukn U3 E, Tak n Toukn He n3 E.
Ipauuyeii OE mHoxectsa E C R" Ha3bIBaeTCsA MHOXKECTBO rPaHNYHbIX TOHEK
MHOXecTBa E.

paHm4Has To4ka MHOXECTBA £ MOXET Kak MpuHagnexaTb, Tak U He
npuHagnexaTb MHoXxecTBy E.
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VnpaxHeHune

LokaxxuTte, 4to

@ MHOXecTBO E OTKpLITO TOraa u TONLKO Toraa, Korga E N OJE = &;
© wmHoxecTBO E 3aMKHYTO TOrga u TOnbKo Torga, korga 0E C E;

@ wmHoxecTBo E C R” 3amMKHYTO TOrga v TONIbKO TOrAa, KOrAa ero JOMNOJHEHne
R"™\ E oTKpbITO.
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VnpaxHeHune

LokaxxuTte, 4to
@ MHOXecTBO E OTKpLITO TOraa u TONLKO Toraa, Korga E N OJE = &;
© wmHoxecTBO E 3aMKHYTO TOrga u TOnbKo Torga, korga 0E C E;

@ wmHoxecTBo E C R” 3amMKHYTO TOrga v TONIbKO TOrAa, KOrAa ero JOMNOJHEHne
R"™\ E oTKpbITO.

| A

Onpegenexne

MHoxecTBo Int E = {x: x — BHyTpeHHsia Touka MHOXecTBa £} HasbiBaetcs
BHYTPEHHOCTbIO MHOXeECTBa E.

A\
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VnpaxHeHune

LokaxxuTte, 4to
@ MHOXecTBO E OTKpLITO TOraa u TONLKO Toraa, Korga E N OJE = &;
© wmHoxecTBO E 3aMKHYTO TOrga u TOnbKo Torga, korga 0E C E;

@ wmHoxecTBo E C R” 3amMKHYTO TOrga v TONIbKO TOrAa, KOrAa ero JOMNOJHEHne
R"™\ E oTKpbITO.

Onpegenexne

MHoxecTBo Int E = {x: x — BHyTpeHHsia Touka MHOXecTBa £} HasbiBaetcs
BHYTPEHHOCTbIO MHOXeECTBa E.

A\

VnpaxHeHune

Dokaxkute, uto ans E C R" cnpaseanvebl yTeepxaeHns:
Q OE - 3amknyToe mHoxecteo (OE = OE);
Q E\JE =IntE;
Q@ FUJE=E.
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Onpegenexne

Lunametpom HenycToro MHoxectea E C R"” Ha3biBaeTcsa ymcno

diam E = sup |x —y|.
x,yE€E
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Lunametpom HenycToro MHoxectea E C R"” Ha3biBaeTcsa ymcno

diam E = sup |x —y|.
x,y€E

Onpegenexne

| A

Paccrosinnem mexgy peymsi Henyctoimun mHoxectsamu E, F C R"” na3biBaercs
4ncno

dist (E, F) = Xeli:_n}felE [x —y|.
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Lunametpom HenycToro MHoxectea E C R"” Ha3biBaeTcsa ymcno

diam E = sup |x —y|.
x,y€E

Onpegenexne

| A

Paccrosinnem mexgy peymsi Henyctoimun mHoxectsamu E, F C R"” na3biBaercs
4ncno

dist (E, F) = Xeli:_n}felE Ix — y|.

Onpegenexne

HenycToe orpaHn4yeHHOe 3aMKHYTOe MHOXXECTBO B IR” Ha3bIBAeTCA KOMMaKTOM.
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Mycts E, F — komnaktel 8 R”, EN F = &. Torpa dist (E, F) > 0.
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Mycts E, F — komnaktel 8 R”, EN F = &. Torpa dist (E, F) > 0.

[okazsatensctso. Mycts dist (E, F) = d. 13 onpegenennsi pacctosiHus mexay
MHOXECTBaMU CleflyeT, YTO CYLUECTBYIOT [BE MOCNef0BaTENbHOCTN

XMy, ™My s vmeN — xM e E, M e F

Takue, uto |x(M — y(M| = d (m — o).
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Mycts E, F — komnaktel B R", EN F = &. Torpa dist (E, F) > 0.

[okazsatensctso. Mycts dist (E, F) = d. 13 onpegenennsi pacctosiHus mexay
MHOXECTBaMU CleflyeT, YTO CYLUECTBYIOT [BE MOCNef0BaTENbHOCTN

XMy, ™My s vmeN — xM e E, M e F

takue, uto |x(M — y(M| 5 d (m = o0).
C nomouypio Teopembl Bonbuano-Beiiepwitpacca soigenum u3 {x(M}
CXOAALLYIOCS NOANOCAEL0BATENILHOCTb {x("’k)}‘;"zl, a 3aTem n3 {y(’"k)}iil

CXOASLLYOCS NOANOC/AEN0BATENBHOCTD {y(mkf)}fil, Tak 4To

x\™s) 5 2 (M) s b npu j — co.
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B cuny 3amkHyTtoCcTM MHOXecTB E, F umeem a € E, b € F. Torpa
d<|a—b| <

< ‘a_X(mkj)‘+|b_y(mkj)|+|x(mkj)_y(mk]-)| 5 040+d=d

npu j — oo. Cnepgoeatensro, d = |a — b|.
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B cuny 3amkHyTtoCcTM MHOXecTB E, F umeem a € E, b € F. Torpa
d<|a—b| <

< ‘a_X(mkj)‘+|b_y(mkj)|+|x(mkj)_y(mk]-)| 5 040+d=d

npu j — oo. Cnepgoeatensho, d = |a— b|. Ho a # b, Tak kak ENF = &,
Mostomy d > 0.
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B cuny 3amkHyToCcTn MHOXecTB E, F umeem a € E, b € F. Torga
d<|a—b| <

< |a_X(mkj)‘+|b_y(mkj)|+|x(mkj)_y(mk]-)| 5 040+d=d

npu j — oo. Cnepgoeatensho, d = |a— b|. Ho a # b, Tak kak ENF = &,
Mostomy d > 0.

VnpaxHeHune

O60bwunte nemmy Ha cnyyaii, korga E — HenycToe 3aMKHYTOE MHOXECTBO, F —
KOMMaKT.
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Onpegenexne

MuoxecTtBo To4ek [ C R” ¢ ero KOHKPETHBIM ONMMCAHUEM

MN={x(t): a<t<B}={(a(t),...,xn(t)): a<t<pb},

roe x; — HenpepbiBHble Ha [, ] dyHkunm (i = 1,..., n), Ha3bIBaeTCA KPUBOII.

Mpn 3Tom Touka x(a) Ha3bIBAETCS HAa4YasIOM KpUBOI, a Touka x(/3) — KoHLOM
KPUBOA.
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Onpegenexne

MuoxecTtBo To4ek [ C R” ¢ ero KOHKPETHBIM ONMMCAHUEM
MN={x(t): a<t<B}={(a(t),...,xn(t)): a<t<pb},

roe x; — HenpepbiBHbIe Ha [, B dynkuyumn (i = 1,. .., n), Ha3bIBAeTCSA KPUBOIL.
Mpn 3Tom Touka x(a) Ha3bIBAETCS HAa4YasIOM KpUBOI, a Touka x(/3) — KoHLOM
KPUBOA.

Onpegenexne

| \

Obnactbio B R"” Ha3blBaeTCA OTKPbITOE CBSASBHOE MHOXECTBO, TO €CTb TaKOe
OTKpbIToe MHOXeCTBO G C R”, ans niobbix ABYx TOYEK a, b KOTOPOro CyLIECTBYET
kpuBasi [ C G n coeguHsOwWwas To4kM a n b.
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Onpegenexne

MuoxecTtBo To4ek [ C R” ¢ ero KOHKPETHBIM ONMMCAHUEM
MN={x(t): a<t<B}={(a(t),...,xn(t)): a<t<pb},

roe x; — HenpepbiBHbIe Ha [, B dynkuyumn (i = 1,. .., n), Ha3bIBAeTCSA KPUBOIL.
Mpn 3Tom Touka x(a) Ha3bIBAETCS HAa4YasIOM KpUBOI, a Touka x(/3) — KoHLOM
KPUBOA.

Onpegenexne

Obnactbio B R"” Ha3blBaeTCA OTKPbITOE CBSASBHOE MHOXECTBO, TO €CTb TaKOe
OTKpbIToe MHOXeCTBO G C R”, ans niobbix ABYx TOYEK a, b KOTOPOro CyLIECTBYET
kpuBasi [ C G n coeguHsOwWwas To4kM a n b.

Onpegenexne

3ambikanne G obnactu G C R” Ha3biBaeTcs 3aMKHYTOI 061aCThIO.
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