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Êðèâûå â òðåõìåðíîì ïðîñòðàíñòâå

Îïðåäåëåíèå

Ìíîæåñòâî òî÷åê Γ ⊂ R3 ñ êîíêðåòíûì åãî îïèñàíèåì:

Γ = {(x(t), y(t), z(t)) : a 6 t 6 b},

ãäå x , y , z � íåïðåðûâíûå ôóíêöèè íà [a; b], íàçûâàåòñÿ êðèâîé.

Êðèâàÿ îïðåäåëÿåòñÿ íå òîëüêî ïîëîæåíèåì ìíîæåñòâà òî÷åê â ïðîñòðàíñòâå
R3, íî è ñïîñîáîì åãî îïèñàíèÿ.

Òî÷êîé êðèâîé Γ íàçûâàþò ïàðó {t,~r(t)}, ãäå ~r(t) = (x(t), y(t), z(t)).

Òî÷êà M ∈ R3 íàçûâàåòñÿ êðàòíîé òî÷êîé êðèâîé Γ, åñëè ∃ t1, t2 ∈ [a; b],
t1 6= t2: ~r(t1) = ~r(t2) = M.

Êðèâàÿ áåç êðàòíûõ òî÷åê íàçûâàåòñÿ ïðîñòîé êðèâîé.
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Âîçðàñòàíèå ïàðàìåòðà t îïðåäåëÿåò íåêîòîðîå íàïðàâëåíèå äâèæåíèÿ òî÷êè
~r(t) ïî êðèâîé (íåêîòîðûé ïîðÿäîê ïðîõîæäåíèÿ òî÷åê êðèâîé). Ïîýòîìó
ãîâîðÿò, ÷òî íà êðèâîé Γ çàäàíà îðèåíòàöèÿ, ðàññìàòðèâàåìóþ êðèâóþ
íàçûâàþò îðèåíòèðîâàííîé êðèâîé, òî÷êó ~r(a) � íà÷àëîì êðèâîé, à òî÷êó
~r(b) � êîíöîì êðèâîé.

Êðèâàÿ Γ íàçûâàåòñÿ çàìêíóòîé êðèâîé, èëè êîíòóðîì, åñëè ~r(a) = ~r(b).
Êîíòóð íàçûâàåòñÿ ïðîñòûì êîíòóðîì, åñëè èç a 6 t1 < t2 6 b, ~r(t1) = ~r(t2)
ñëåäóåò t1 = a, t2 = b.
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Ââåäåì ïîíÿòèå êàñàòåëüíîé ê êðèâîé Γ. Ïóñòü t0, t0 + ∆t ∈ [a; b]. Ïðîâåäåì

ñåêóùóþ ÷åðåç òî÷êè ~r(t0), ~r(t0 + ∆t), è ïóñòü ~̀(∆t) � åäèíè÷íûé âåêòîð

ñåêóùåé, òàê ÷òî ~̀(∆t) = sign∆t · ∆~r

|∆~r |
, ãäå ∆~r = ~r(t0 + ∆t)−~r(t0)

(ïðåäïîëàãàåì, ÷òî |∆~r | > 0 ïðè âñåõ äîñòàòî÷íî ìàëûõ |∆t|).

Îïðåäåëåíèå

Ïóñòü ñóùåñòâóåò lim
∆t→0

~̀(∆t) = ~t. Òîãäà ïðÿìàÿ

~r = ~r(t0) +~tτ, −∞ < τ < +∞

íàçûâàåòñÿ êàñàòåëüíîé ê êðèâîé Γ â òî÷êå (t0,~r(t0)).
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Ëåììà

Ïóñòü Γ = {~r(t): a 6 t 6 b}, t0 ∈ (a; b) è ∃~r ′(t0) 6= ~0. Òîãäà Γ èìååò
êàñàòåëüíóþ â òî÷êå (t0,~r(t0)) è âåêòîð ~r ′(t0) êîëëèíåàðåí êàñàòåëüíîé.

Äîêàçàòåëüñòâî. Èç òîãî, ÷òî lim
∆t→0

∆~r

∆t
= ~r ′(t0) 6= ~0, ñëåäóåò, ÷òî ∆~r 6= ~0 ïðè

âñåõ äîñòàòî÷íî ìàëûõ |∆t| è ÷òî

∣∣∣∣∆~r∆t

∣∣∣∣→ |~r ′(t0)| ïðè ∆t → 0. Òîãäà ïðè

∆t → 0

~̀(∆t) = sign∆t · ∆~r

|∆~r |
=

∆~r

∆t∣∣∣∣∆~r∆t

∣∣∣∣ →
~r ′(t0)

|~r ′(t0)|
= ~t.

Ñëåäîâàòåëüíî, êàñàòåëüíàÿ â òî÷êå (t0,~r(t0)) ñóùåñòâóåò, à åå óðàâíåíèå
ìîæíî çàïèñàòü â âèäå

~r = ~r(t0) +~r ′(t0)τ, −∞ < τ < +∞.
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Âåêòîð ~t íàçûâàåòñÿ åäèíè÷íûì âåêòîðîì êàñàòåëüíîé ê êðèâîé Γ.

Åñëè t0 = a èëè t0 = b è â t0 ñóùåñòâóåò îòëè÷íàÿ îò ~0 îäíîñòîðîííÿÿ
ïðîèçâîäíàÿ âåêòîðà ~r , òî ñóùåñòâóåò è îäíîñòîðîííÿÿ êàñàòåëüíàÿ (êîòîðàÿ
îïðåäåëÿåòñÿ ïî àíàëîãèè ñ êàñàòåëüíîé).

Îïðåäåëåíèå

Êðèâàÿ Γ = {~r(t) : a 6 t 6 b} íàçûâàåòñÿ äèôôåðåíöèðóåìîé, åñëè
âåêòîð-ôóíêöèÿ ~r(t) äèôôåðåíöèðóåìà íà [a; b].
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åñëè ~r ′(t0) 6= ~0, è íàçûâàåòñÿ îñîáîé òî÷êîé â ïðîòèâíîì ñëó÷àå.

Â ïîñëåäíåé ëåììå ïîêàçàíî, ÷òî äèôôåðåíöèðóåìàÿ êðèâàÿ â êàæäîé
íåîñîáîé òî÷êå èìååò êàñàòåëüíóþ.
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Îïðåäåëåíèå

Êðèâàÿ Γ = {~r(t) : a 6 t 6 b} íàçûâàåòñÿ íåïðåðûíî äèôôåðåíöèðóåìîé,
åñëè âåêòîð-ôóíêöèÿ ~r(t) íåïðåðûíî äèôôåðåíöèðóåìà íà [a; b].

Îïðåäåëåíèå

Íåïðåðûâíî äèôôåðåíöèðóåìàÿ êðèâàÿ áåç îñîáûõ òî÷åê íàçûâàåòñÿ
ãëàäêîé êðèâîé.

Îïðåäåëåíèå

Ïóñòü Γ = {~r(t): a 6 t 6 b}, a 6 c < d 6 b. Òîãäà êðèâàÿ

Γ′ = {~r(t) : c 6 t 6 d}

íàçûâàåòñÿ äóãîé êðèâîé Γ.
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Îïðåäåëåíèå

Êðèâàÿ Γ íàçûâàåòñÿ êóñî÷íî íåïðåðûâíî äèôôåðåíöèðóåìîé, åñëè åå
ìîæíî ðàçáèòü íà íåñêîëüêî íåïðåðûâíî äèôôåðåíöèðóåìûõ äóã.

Îïðåäåëåíèå

Êðèâàÿ Γ íàçûâàåòñÿ êóñî÷íî ãëàäêîé, åñëè åå ìîæíî ðàçáèòü íà íåñêîëüêî
ãëàäêèõ äóã.
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Ðàññìîòðèì âîïðîñ î çàìåíå ïàðàìåòðà íà êðèâîé. Ïóñòü

Γ = {~r(t) : a 6 t 6 b}, t = g(τ), ~ρ(τ) = ~r(g(τ)),

Γ̃ = {~ρ(τ) : α 6 τ 6 β}.

Áóäåì ñ÷èòàòü êðèâóþ Γ̃ òîé æå, ÷òî è Γ, íî èíà÷å ïàðàìåòðèçîâàííîé, åñëè
çàìåíà ïàðàìåòðà t = g(τ) ÿâëÿåòñÿ äîïóñòèìîé.
Ïðè ýòîì ïîä äîïóñòèìîé çàìåíîé ïàðàìåòðà ïîíèìàåòñÿ òàêàÿ, ïðè êîòîðîé
1◦. Ôóíêöèÿ g : [α, β]↔ [a; b] íåïðåðûâíà è ñòðîãî ìîíîòîííà íà [α, β].

1′◦. Ôóíêöèÿ g : [α, β]↔ [a; b] íåïðåðûâíà è ñòðîãî âîçðàñòàåò íà [α, β].
2◦. Ôóíêöèÿ g äèôôåðåíöèðóåìà íà [α, β].
2′◦. Ôóíêöèÿ g íåïðåðûâíî äèôôåðåíöèðóåìà íà [α, β].
3◦. Ïðîèçâîäíàÿ g ′(τ) 6= 0 ïðè α 6 τ 6 β.
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Ïðè ýòîì, î÷åâèäíî, äèôôåðåíöèðóåìàÿ (íåïðåðûâíî äèôôåðåíöèðóåìàÿ)
êðèâàÿ Γ ïåðåõîäèò â äèôôåðåíöèðóåìóþ (íåïðåðûâíî äèôôåðåíöèðóåìóþ)
êðèâóþ Γ̃.

Ïðè âûïîëíåíèè ýòèõ óñëîâèéîáðàòíàÿ ê g ôóíêöèÿ g−1 áóäåò, î÷åâèäíî,
óäîâëåòâîðÿòü òåì æå óñëîâèÿì. Êðèâûå Γ è Γ̃ ïðè ýòîì îòîæäåñòâëÿþò
(èíà÷å ãîâîðÿ, èõ íàçûâàþò îäíîé è òîé æå êðèâîé, ðàçëè÷íûì îáðàçîì
ïàðàìåòðèçîâàííîé).
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Ïðè ýòîì, î÷åâèäíî, äèôôåðåíöèðóåìàÿ (íåïðåðûâíî äèôôåðåíöèðóåìàÿ)
êðèâàÿ Γ ïåðåõîäèò â äèôôåðåíöèðóåìóþ (íåïðåðûâíî äèôôåðåíöèðóåìóþ)
êðèâóþ Γ̃.

Ïðè âûïîëíåíèè ýòèõ óñëîâèéîáðàòíàÿ ê g ôóíêöèÿ g−1 áóäåò, î÷åâèäíî,
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Óïðàæíåíèå

Ïîêàçàòü, ÷òî ïðè äîïóñòèìîé çàìåíå ïàðàìåòðà

1 íåîñîáàÿ òî÷êà ïåðåõîäèò â íåîñîáóþ;

2 êàñàòåëüíàÿ â íåîñîáîé òî÷êå ñîõðàíÿåòñÿ;

3 ãëàäêàÿ êðèâàÿ ïåðåõîäèò â ãëàäêóþ êðèâóþ.

Óïðàæíåíèå

Ïîêàçàòü, ÷òî âñÿêóþ ãëàäêóþ êðèâóþ Γ = {~r(t): a 6 t 6 b} ìîæíî ðàçáèòü
íà êîíå÷íîå ÷èñëî ãëàäêèõ äóã Γi = {~r(t): ti−1 6 t 6 ti}, ãäå
a = t0 < t1 < . . . < tk = b, òàê, ÷òî íà êàæäîé äóãå Γi â êà÷åñòâå ïàðàìåòðà
(ïðè äîïóñòèìîé åãî çàìåíå) ìîæíî âçÿòü ëèáî x , ëèáî y , ëèáî z .
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Óïðàæíåíèå
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Êðèâûå â òðåõìåðíîì ïðîñòðàíñòâå
Äëèíà äóãè êðèâîé

Ïóñòü Γ = {~r(t): a 6 t 6 b}. Ñèñòåìó òî÷åê τ = {ti}iτi=0 íàçûâàþò ðàçáèåíèåì
îòðåçêà [a; b], åñëè a = t0 < t1 < · · · < tiτ = b.
Ñîåäèíèâ òî÷êè ~r(ti−1) è ~r(ti ) îòðåçêàìè (i = 1, . . . , iτ ), ïîëó÷èì ëîìàíóþ,

âïèñàííóþ â êðèâóþ Γ (îáîçíà÷èì åå ñèìâîëîì Λτ ), äëèíà êîòîðîé

SΛτ
=

iτ∑
i=1

|~r(ti )−~r(ti−1)|.

Îïðåäåëåíèå

Äëèíîé êðèâîé Γ íàçûâàåòñÿ

SΓ = sup
τ

SΛτ .
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Êðèâûå â òðåõìåðíîì ïðîñòðàíñòâå
Äëèíà äóãè êðèâîé
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Îïðåäåëåíèå

Äëèíîé êðèâîé Γ íàçûâàåòñÿ
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τ

SΛτ .
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Îïðåäåëåíèå

Êðèâàÿ Γ íàçûâàåòñÿ ñïðÿìëÿåìîé, åñëè åå äëèíà êîíå÷íà (òî åñòü
SΓ < +∞).

ßñíî, ÷òî äëèíà êðèâîé è åå ñïðÿìëÿåìîñòü íå ìåíÿþòñÿ ïðè äîïóñòèìîé
çàìåíå ïàðàìåòðà íà êðèâîé.

Óïðàæíåíèå

Ïóñòü Γ = {~r(t) : a 6 t 6 b} � ñïðÿìëÿåìàÿ êðèâàÿ, c ∈ (a; b). Äîêàæèòå,
÷òî êðèâûå

Γ′ = {~r(t) : a 6 t 6 c}, Γ′′ = {~r(t) : c 6 t 6 b}.

ñïðÿìëÿåìû è ñóììà èõ äëèí ðàâíà äëèíå êðèâîé Γ. Âåðíî è îáðàòíîå.
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Îïðåäåëåíèå
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Îïðåäåëåíèå
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Òåîðåìà

Ïóñòü êðèâàÿ Γ = {~r(t): a 6 t 6 b} íåïðåðûâíî äèôôåðåíöèðóåìà. Òîãäà îíà
ñïðÿìëÿåìà è åå äëèíà óäîâëåòâîðÿåò óñëîâèþ

|~r(b)−~r(a)| 6 SΓ 6 max
a6t6b

|~r ′(t)|(b − a).

Äîêàçàòåëüñòâî. Ôóíêöèÿ |~r ′(t)| êàê íåïðåðûâíàÿ íà îòðåçêå [a; b] äîñòèãàåò
íà íåì ñâîåãî ìàêñèìóìà. Ïóñòü τ = {ti}iτi=1 � íåêîòîðîå ðàçáèåíèå îòðåçêà
[a; b]. Òîãäà

|~r(b)−~r(a)| 6 SΛτ
=

iτ∑
i=1

|~r(ti )−~r(ti−1)| 6

6 max
a6t6b

|~r ′(t)|
iτ∑
i=1

(ti − ti−1) = max
a6t6b

|~r ′(t)|(b − a).

Ïåðåõîäÿ â ýòîì íåðàâåíñòâå ê âåðõíåé ãðàíè ïî τ , ïîëó÷àåì óòâåðæäåíèå
òåîðåìû.
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Òåîðåìà

Ïóñòü êðèâàÿ Γ = {~r(t): a 6 t 6 b} íåïðåðûâíî äèôôåðåíöèðóåìà. Òîãäà îíà
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òåîðåìû.

TrushinBV.ru Êðèâûå â òðåõìåðíîì ïðîñòðàíñòâå 19 íîÿáðÿ 2013 ã. 14 / 18



Òåîðåìà
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Òåîðåìà

Ïóñòü êðèâàÿ Γ = {~r(t): a 6 t 6 b} íåïðåðûâíî äèôôåðåíöèðóåìà. Òîãäà
ïåðåìåííàÿ äëèíà äóãè s = s(t), îòñ÷èòûâàåìàÿ îò åå íà÷àëà (a,~r(a)),
ÿâëÿåòñÿ âîçðàñòàþùåé íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèåé
ïàðàìåòðà t, ïðè÷åì

ds

dt
=

∣∣∣∣d~rdt
∣∣∣∣ =

√
x ′2 + y ′2 + z ′2.

Äîêàçàòåëüñòâî. Ïóñòü s = s(t) � äëèíà äóãè êðèâîé

Γt = {~r(u) : a 6 u 6 t}, a 6 t 6 b,

ÿâëÿþùåéñÿ äóãîé êðèâîé Γ. Ïóñòü a 6 t0 < t0 + ∆t 6 b. Ïðèìåíÿÿ
ïðåäûäóùóþ òåîðåìó ê äóãå {~r(t) : t0 6 t 6 t0 + ∆t} äëèíû
∆s(t0) = s(t0 + ∆t)− s(t0), ïîëó÷àåì

|~r(t0 + ∆t)−~r(t0)| 6 ∆s 6 max
t06t6t0+∆t

|~r ′(t)|∆t.
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Òåîðåìà
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Äåëÿ ïîñëåäíåå íåðàâåíñòâî íà ∆t è ïåðåõîäÿ ê ïðåäåëó ïðè ∆t → 0 + 0,
ïîëó÷àåì, ÷òî ñóùåñòâóåò s ′+(t0) = |~r ′(t0)|.

Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî ñóùåñòâóåò s ′−(t0) = |~r ′(t0)|.
Îòñþäà ñëåäóåò, ÷òî ñóùåñòâóåò s ′(t0) = |~r ′(t0)|. Èç íåîòðèöàòåëüíîñòè s ′(t)
ñëåäóåò, ÷òî s(t) âîçðàñòàåò íà [a; b].
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Ñëåäñòâèå

Åñëè ïàðàìåòðîì íåïðåðûâíî äèôôåðåíöèðóåìîé êðèâîé Γ = {~r(s):

0 6 s 6 SΓ} ÿâëÿåòñÿ äëèíà åå äóãè s, òî

∣∣∣∣d~rds
∣∣∣∣ = 1.

Ãåîìåòðè÷åñêèé ñìûñë ðàâåíñòâà

∣∣∣∣d~rds
∣∣∣∣ = 1 ñîñòîèò â òîì, ÷òî ïðåäåë

îòíîøåíèÿ

∣∣∣∣∆s

∆~r

∣∣∣∣ äëèíû äóãè ê äëèíå ñòÿãèâàþùåé åå õîðäû, êîãäà îäèí èç

êîíöîâ äóãè ôèêñèðîâàí, à äëèíà äóãè ñòðåìèòñÿ ê íóëþ, ðàâåí åäèíèöå.
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Ñëåäñòâèå

Åñëè ïàðàìåòðîì íåïðåðûâíî äèôôåðåíöèðóåìîé êðèâîé Γ = {~r(s):

0 6 s 6 SΓ} ÿâëÿåòñÿ äëèíà åå äóãè s, òî

∣∣∣∣d~rds
∣∣∣∣ = 1.

Ãåîìåòðè÷åñêèé ñìûñë ðàâåíñòâà

∣∣∣∣d~rds
∣∣∣∣ = 1 ñîñòîèò â òîì, ÷òî ïðåäåë

îòíîøåíèÿ

∣∣∣∣∆s

∆~r

∣∣∣∣ äëèíû äóãè ê äëèíå ñòÿãèâàþùåé åå õîðäû, êîãäà îäèí èç

êîíöîâ äóãè ôèêñèðîâàí, à äëèíà äóãè ñòðåìèòñÿ ê íóëþ, ðàâåí åäèíèöå.
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Ñëåäñòâèå

Ñ ïîìîùüþ äîïóñòèìîé çàìåíû ïàðàìåòðà íà ãëàäêîé îðèåíòèðîâàííîé
êðèâîé ìîæíî ïåðåéòè ê ïàðàìåòðó s, ÿâëÿþùåìóñÿ ïåðåìåííîé äëèíîé
äóãè, îòñ÷èòûâàåìîé îò íà÷àëà êðèâîé.

Çàïèøåì ðàâåíñòâî

∣∣∣∣d~rds
∣∣∣∣ = 1 â âèäå

(
dx

ds
,
dy

ds
,
dz

ds

)
= (cosα, cosβ, cos γ),

cos2 α + cos2 β + cos2 γ = 1,

ãäå α, β, γ � óãëû, îáðàçîâàííûå âåêòîðîì
d~r

ds
(a çíà÷èò, è êàñàòåëüíîé) ñ

ïîëîæèòåëüíûìè íàïðàâëåíèÿìè îñåé Ox , Oy , Oz ñîîòâåòñòâåííî. Îòñþäà

dx

ds
= cosα,

dy

ds
= cosβ,

dz

ds
= cos γ,

â ÷åì è ñîñòîèò ãåîìåòðè÷åñêèé ñìûñë êîîðäèíàò âåêòîðà
d~r

ds
.
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