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Íåîïðåäåëåííûé èíòåãðàë
Ïåðâîîáðàçíàÿ

Îïðåäåëåíèå

Ïóñòü ôóíêöèè f è F îïðåäåëåíû íà ïðîìåæóòêå I . Ôóíêöèÿ F íàçûâàåòñÿ
ïåðâîîáðàçíîé äëÿ f íà I , åñëè F ′ = f íà I . Ïðè ýòîì, åñëè êàêîé-òî èç
êîíöîâ ïðîìåæóòêà åìó ïðèíàäëåæèò, òî ïðîèçâîäíàÿ â ýòîé òî÷êå
ïîíèìàåòñÿ êàê îäíîñòîðîííÿÿ.

Ïóñòü F � ïåðâîîáðàçíàÿ äëÿ f íà I . Òîãäà F + C , ãäå C � ïîñòîÿííàÿ, òàêæå
ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ f íà I . Â ñàìîì äåëå,
(F (x) + C )′ = F ′(x) = f (x).
Âåðíî è îáðàòíîå óòâåðæäåíèå: åñëè F è Φ � äâå ïåðâîîáðàçíûå äëÿ
ôóíêöèè f íà I , òî Φ(x) = F (x) + C , ãäå C � ïîñòîÿííàÿ. Â ñàìîì äåëå,

(F (x)− Φ(x))′ = f ′(x)− f ′(x) = 0.

Òîãäà ñ ïîìîùüþ ôîðìóëû êîíå÷íûõ ïðèðàùåíèé Ëàãðàíæà ïîëó÷àåì, ÷òî

F (x)− Φ(x) = C .
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Îïðåäåëåíèå

Íåîïðåäåëåííûì èíòåãðàëîì ôóíêöèè f íàçûâàåòñÿ ìíîæåñòâî âñåõ åå

ïåðâîîáðàçíûõ è îáîçíà÷àåòñÿ ñèìâîëîì

∫
f (x) dx .

Èç ñâîéñòâ ïåðâîîáðàçíîé ñëåäóåò, ÷òî äëÿ ôóíêöèè f íà I ñïðàâåäëèâî
ðàâåíñòâî: ∫

f (x) dx = {F (x) + C}C∈R,

ãäå F � íåêîòîðàÿ êîíêðåòíàÿ ïåðâîîáðàçíàÿ äëÿ f .
Áóäåì ïîëüçîâàòüñÿ òàêæå ñëåäóþùèìè îáîçíà÷åíèÿìè:∫

dg(x) =

∫
g ′(x) dx ,

∫
f (x) dg(x) =

∫
f (x)g ′(x) dx .
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Îñíîâíûå ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà íà ïðîìåæóòêå:

1

(∫
f (x) dx

)′
= f (x).

2

∫
F ′(x) dx = F (x) + C .

3 (Ëèíåéíîñòü íåîïðåäåëåííîãî èíòåãðàëà)
Ïóñòü ñóùåñòâóþò

∫
f1(x) dx ,

∫
f2(x) dx . Òîãäà ïðè α, β ∈ R ñóùåñòâóåò

èíòåãðàë ∫
(αf1(x) + βf2(x)) dx = α

∫
f1(x) dx + β

∫
f2(x) dx .

Äëÿ äîêàçàòåëüñòâà ñâîéñòâà 3 ïðîâåðèì, ÷òî F (x) = αF1(x) + βF2(x)
ÿâëÿåòñÿ ïåðâîîáðàçíîé äëÿ αf1 + βf2:

F ′(x) = (αF1(x) + βF2(x))
′ = αf1(x) + βf2(x).
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Êàæäóþ ôîðìóëó äëÿ ïðîèçâîäíîé âèäà F ′(x) = f (x) ìîæíî èñòîëêîâàòü êàê
óòâåðæäåíèå, ÷òî F íà ñîîòâåòñòâóþùåì ïðîìåæóòêå ÿâëÿåòñÿ
ïåðâîîáðàçíîé äëÿ f è, çíà÷èò,

∫
f (x) dx = F (x) + C . Ïîýòîìó èç òàáëèöû

ïðîèçâîäíûõ îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé ïîëó÷àåì òàáëèöó
íåîïðåäåëåííûõ èíòåãðàëîâ.

Êàæäàÿ èç ôîðìóë òàáëèöû ðàññìàòðèâàåòñÿ íà òåõ ïðîìåæóòêàõ, íà
êîòîðûõ îïðåäåëåíà ñîîòâåòñòâóþùàÿ ïîäûíòåãðàëüíàÿ ôóíêöèÿ. Íàïðèìåð,
ôîðìóëó ∫

1

x
dx = ln |x |+ C

ñëåäóåò ðàññìàòðèâàòü îòäåëüíî íà êàæäîì èç äâóõ ïðîìåæóòêîâ: (−∞, 0) è
(0,+∞).
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∫
0 dx = C ;∫

xα dx =
1

α+ 1
xα+1 + C , α 6= −1;∫

dx

x
= ln |x |+ C ;∫

ax dx =
1

ln a
ax + C ;∫

dx

1 + x2
= arctg x + C ;∫

dx√
1− x2

= arcsin x + C ;∫
dx√

x2 ± 1
= ln

∣∣∣x +
√

x2 ± 1
∣∣∣+ C ;
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∫
sin x dx = − cos x + C ;∫
cos x dx = sin x + C ;∫

dx

cos2 x
= tg x + C ;∫

dx

sin2 x
= − ctg x + C .
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Íåîïðåäåëåííûé èíòåãðàë
Ìåòîäû èíòåãðèðîâàíèÿ

Òåîðåìà (èíòåãðèðîâàíèå ïî ÷àñòÿì)

Ïóñòü íà íåêîòîðîì ïðîìåæóòêå ôóíêöèè u, v äèôôåðåíöèðóåìû è
ñóùåñòâóåò

∫
u′(x)v(x) dx . Òîãäà íà ýòîì ïðîìåæóòêå ñóùåñòâóåò∫

u(x)v ′(x) dx = u(x)v(x)−
∫

u′(x)v(x) dx .

Äîêàçàòåëüñòâî ñëåäóåò èç ðàâåíñòâà(
uv −

∫
u′v dx

)′
= u′v + uv ′ − u′v = uv ′.
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Òåîðåìà (èíòåãðèðîâàíèå çàìåíîé ïåðåìåííîãî)

Ïóñòü ôóíêöèÿ f èìååò ïåðâîîáðàçíóþ íà (a; b), ôóíêöèÿ ϕ : (α, β)→ (a; b)
äèôôåðåíöèðóåìà íà (α, β). Òîãäà íà (α, β) ñóùåñòâóåò∫

f (ϕ(t))ϕ′(t) dt =

∫
f (x) dx

∣∣∣∣
x=ϕ(t)

.

Äîêàçàòåëüñòâî. Äèôôåðåíöèðóÿ ñòîÿùóþ â ïðàâîé ÷àñòè ðàâåíñòâà
ñëîæíóþ ôóíêöèþ F ◦ ϕ, ãäå F � íåêîòîðàÿ ïåðâîîáðàçíàÿ ôóíêöèè f ,
ïîëó÷àåì

(F (ϕ(t)))′ = f (ϕ(t))ϕ′(t).

Îòêóäà ñëåäóåò óòâåðæäåíèå òåîðåìû.
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Ôîðìóëó ∫
f (ϕ(t)) dϕ(t) =

∫
f (x) dx

∣∣∣∣
x=ϕ(t)

íàçûâàþò ôîðìóëîé èíòåãðèðîâàíèÿ ïîäñòàíîâêîé.

Åñëè â óñëîâèÿõ äîêàçàííîé òåîðåìû äîïîëíèòåëüíî ïðåäïîëîæèòü, ÷òî
ôóíêöèÿ ϕ ñòðîãî ìîíîòîííà íà (α, β), òî íà ïðîìåæóòêå (ξ, η) = ϕ(α, β)
ñóùåñòâóåò îáðàòíàÿ ôóíêöèÿ ϕ−1. Òîãäà íà (ξ, η)∫

f (x) dx =

∫
f (ϕ(t))ϕ′(t) dt

∣∣∣∣
t=ϕ−1(x)

.

Ýòó ôîðìóëó íàçûâàþò ôîðìóëîé çàìåíû ïåðåìåííîãî â íåîïðåäåëåííîì

èíòåãðàëå.
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