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CeoiicTBa AndpdepeHLmnpyembix yHKLN

Teopembl 0 cpefHeM

Teopema Pepma

Myctb dynkuums f onpegeneHa B U(xp) 1 B TOUKe Xp MPUHMMAET Hambonbluee nnu

HaMMeHbLLee 3HaYeHmne cpean ee 3HadeHuin Ha U(xp). Myctb cywectayet /(xp).
Torpa f'(xp) = 0.
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CeoiicTBa AndpdepeHLmnpyembix yHKLN

Teopembl 0 cpefHeM

Teopema Pepma

Myctb dynkuums f onpegeneHa B U(xp) 1 B TOUKe Xp MPUHMMAET Hambonbluee nnu
HaMMeHbLLee 3HaYeHmne cpean ee 3HadeHuin Ha U(xp). Myctb cywectayet /(xp).
Torpa f'(xp) = 0.

Af
Hokasatenscteo. [yctb ans onpegenennoctu f(xg) = nzin) f. Torpa Ax >0 npwn
U X0 X

Af
Ax>0mn Ax < 0 npn Ax < 0. lMepexogs B 3Tux HEPABEHCTBAX K Npeaesy npu
X

Ax — 0, nonyyaem cootsetctBeHHo '(xg) > 0 n '(x) < 0. Otcroga cnepyer,
uto f'(xp) = 0.
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Teopema Ponns

MycTtb dyHkums f HenpepbiBHa Ha [a; b], anddepenunpyema Ha (a; b),
f(a) = f(b). Torpa Ic € (a;b) : f'(c) =0.
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Teopema Ponns

MycTtb dyHkums f HenpepbiBHa Ha [a; b], anddepenunpyema Ha (a; b),
f(a) = f(b). Torsa 3c € (a;b) : f'(c) =0.

HokazaTtenscteo. Cnyyaii f = const Tpusuanen. Byaem cuntaTth ganee, uto
f # const. o Teopeme BeiepluTpacca B HeKOTOPbIX TO4Kax OTpeska [a; b]
dyHKUMA f NpUHUMaET MaKCMManbHOE N MUHUMAaNbHOe 3HadeHus. Mo kpaliHeli

MEepe OAHA M3 3TNX TOYEK NIEXNT Ha nHTepsane (a; b), Tak kak min f < max f.
[a;b] [a;b]
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Teopema Ponns

MycTtb dyHkums f HenpepbiBHa Ha [a; b], anddepenunpyema Ha (a; b),
f(a) = f(b). Torsa 3c € (a;b) : f'(c) =0.

HokazaTtenscteo. Cnyyaii f = const Tpusuanen. Byaem cuntaTth ganee, uto
f # const. o Teopeme BeiepluTpacca B HeKOTOPbIX TO4Kax OTpeska [a; b]
dyHKUMA f NpUHUMaET MaKCMManbHOE N MUHUMAaNbHOe 3HadeHus. Mo kpaliHeli

MEepe OAHA M3 3TUX TOYEK JIEXNT Ha uHTepeane (a; b), Tak kak min f < maxf. Ho
[a;b] [a;b]

Toraa no Teopeme Pepma nponseogHas f’ B 3TON TOYKE PaBHA HYJIO, HTO 1
TpeboBanock f0Ka3aTh.
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Teopema Jlarpanxa

MycTtb dyHkums f HenpepbiBHa Ha [a; b], anddepenunpyema Ha (a; b). Toraa
dce(a;b): f(b)—rf(a)="r'(c)(b— a).
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Teopema Jlarpanxa

MycTtb dyHkums f HenpepbiBHa Ha [a; b], anddepenunpyema Ha (a; b). Toraa
dce(a;b): f(b)—rf(a)="r'(c)(b— a).

JokasatenbcTBo. [n1s JOKa3aTeNbCTBa NOCTPOMM BCMOMOTATENbHYIO (PYHKLMIO
F(x) = f(x) — Ax, B kOTOpO#i 4ncno X Bbibepem Tak, 4TobbI F ypoBneTBOpsiia
ycnosuio: F(a) = F(b). Torga

f(b) - f(a)

f(a) —da= f(b) — )\b, TO €CTb A= ﬁ
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Teopema Jlarpanxa

MycTtb dyHkums f HenpepbiBHa Ha [a; b], anddepenunpyema Ha (a; b). Toraa
dce(a;b): f(b)—rf(a)="r'(c)(b— a).

[okasatenbcteo. [ns fOKa3aTeNbCTBa NOCTPOUM BCMOMOraTENbHYIO (DYHKLIO
F(x) = f(x) — Ax, B kOTOpO#i 4ncno X Bbibepem Tak, 4TobbI F ypoBneTBOpsiia
ycnosuio: F(a) = F(b). Torga
f(b)—f(a
f(a)—da=f(b)—Ab, Toectb A= %
—a
QOueBngHo, ana F BbinonHeHsl Bce ycnoeus Teopembl Ponns. Mo teopeme Ponns
ans yHkumn F nonyyaem, 4to

dce(a;b): F'(c)=0, Toects f'(c)—A=0,

f(b) — f(a)

b . Otcropa cnepyet yteepxgeHune Teopembl Jlarpamxa.
—a

roe A =
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Dopmyny
f(b) — f(a) = f'(c)(b—a), ce€(a;b),

Ha3bIBAOT POPMY/ION KOHEYHbIX npupalyeHusi JlarpaHxa.
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Dopmyny
f(b) — f(a) = f'(c)(b—a), ce€(a;b),

Ha3bIBalOT POPMYysION KoHeYHbIX npupawjequii Jlarpanxa. MNepennwem ee B Buge

o)== e @)

OTKYAa JIETKO MOHSTb FEOMETPUYECKINIA CMbIC/ YTBEPXKAEHUS TeopeMbl Jlarparia:
HalgeTcs Touka ¢ € (a; b) Takas, 4To KacaTenbHas K rpacuky dyHkuuu f B
Touke (c, f(c)) napannensHa xopge, coegunsitowein Toukn (a, f(a)) u (b, f(b)).
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Dopmyny
f(b) — f(a) = f'(c)(b—a), ce€(a;b),

Ha3bIBalOT POPMYysION KoHeYHbIX npupawjequii Jlarpanxa. MNepennwem ee B Buge

o)== e @)

OTKYAa JIETKO MOHSTb FEOMETPUYECKINIA CMbIC/ YTBEPXKAEHUS TeopeMbl Jlarparia:
HalgeTcs Touka ¢ € (a; b) Takas, 4To KacaTenbHas K rpacuky dyHkuuu f B
Touke (c, f(c)) napannensHa xopge, coegunsitowein Toukn (a, f(a)) u (b, f(b)).

VnpaxkHeHune

[okaxknTe, 4TO €Cninm [/t HEMPEPLIBHOM B TOYKe Xp PyHKUuM f CyuiecTByeTt

lim f’(x), To cywecrsyet f'(x0) = lim f’(x).
X—X0 X—rX0
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Teopema Kown

Myctb dyrkuum f, g HenpepbiBHbl Ha [a; b], auddeperuupyemsbr Ha (a; b), g’ # 0
Ha (a; b). Torpa dc € (a; b), npn KOTOPOM cnpaBeanuBa POPMY/Ia KOHEYHbIX
npupayennii Kowwm

f(b) —f(a) _ f'(c)

g(b)—g(a)  g'(c)
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Teopema Kown

Myctb dyrkuum f, g HenpepbiBHbl Ha [a; b], auddeperuupyemsbr Ha (a; b), g’ # 0
Ha (a; b). Torpa dc € (a; b), npn KOTOPOM cnpaBeanuBa POPMY/Ia KOHEYHbIX
npupayennii Kowwm

f(b) —f(a) _ f'(c)

g(b)—g(a)  g'(c)
[okasaTenbcTBo. 3ameTum cHadvana, 4to g(b) # g(a), Tak Kak nHadve B cuay

Teopembl Ponns g’ ponkHa 6bina 6bl 06palaThCs B HY/lb B HEKOTOPOI TOHKE
nutepeana (a; b).
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Teopema Kown

Myctb dyrkuum f, g HenpepbiBHbl Ha [a; b], auddeperuupyemsbr Ha (a; b), g’ # 0
Ha (a; b). Torpa dc € (a; b), npn KOTOPOM cnpaBeanuBa POPMY/Ia KOHEYHbIX
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f(b) —f(a) _ f'(c)

g(b)—g(a)  g'(c)

[okasaTenbcTBo. 3ameTum cHadvana, 4to g(b) # g(a), Tak Kak nHadve B cuay
Teopembl Ponns g’ ponkHa 6bina 6bl 06palaThCs B HY/lb B HEKOTOPOI TOHKE
nutepeana (a; b).

Mycts F(x ) (x) — Ag(x), x € [a; b]. Beibepem A Tak, 4tobbl F(a) = F(b), To
ectb f(a) — Ag(a) = f(b) — Ag(b). Otcropa

_ (b))~ £(a)
g(b)—g()
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Teopema Kown

Myctb dyrkuum f, g HenpepbiBHbl Ha [a; b], auddeperuupyemsbr Ha (a; b), g’ # 0
Ha (a; b). Torpa dc € (a; b), npn KOTOPOM cnpaBeanuBa POPMY/Ia KOHEYHbIX
npupayennii Kowwm

f(b) —f(a) _ f'(c)

g(b)—g(a)  g'(c)

[okasaTenbcTBo. 3ameTum cHadvana, 4to g(b) # g(a), Tak Kak nHadve B cuay
Teopembl Ponns g’ ponkHa 6bina 6bl 06palaThCs B HY/lb B HEKOTOPOI TOHKE
nutepeana (a; b).

Mycts F(x ) (x) — Ag(x), x € [a; b]. Beibepem A Tak, 4tobbl F(a) = F(b), To
ectb f(a) — Ag(a) = f(b) — Ag(b). Otcropa

_ f(b) —f(a)
g(b) —g(a)
Mpn BbIOpaHHOM Takum obpazom A dyHKkumMs F ya0BNETBOPSIET YCIOBUSIM
Teopembl Ponns. Cneposatensho, 3¢ € (a;b) : F'(c) = 0.
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Teopema Kown

Myctb dyrkuum f, g HenpepbiBHbl Ha [a; b], auddeperuupyemsbr Ha (a; b), g’ # 0
Ha (a; b). Torpa dc € (a; b), npn KOTOPOM cnpaBeanuBa POPMY/Ia KOHEYHbIX
npupayennii Kowwm

f(b) —f(a) _ f'(c)

g(b)—g(a)  g'(c)

[okasaTenbcTBo. 3ameTum cHadvana, 4to g(b) # g(a), Tak Kak nHadve B cuay
Teopembl Ponns g’ ponkHa 6bina 6bl 06palaThCs B HY/lb B HEKOTOPOI TOHKE
nutepeana (a; b).

Mycts F(x ) (x) — Ag(x), x € [a; b]. Beibepem A Tak, 4tobbl F(a) = F(b), To
ectb f(a) — Ag(a) = f(b) — Ag(b). Otcropa

_ f(b) —f(a)
g(b) —g(a)
Mpn BbIOpaHHOM Takum obpazom A dyHKkumMs F ya0BNETBOPSIET YCIOBUSIM

Teopembl Ponns. Cnegosatensho, 3¢ € (a;b) : F'(c) = 0. Mocnepree pasencTso
NepenncLIBaeTCs B BUAE

f'(c) —Xg'(c) =0, T0ecTb 0 A,

OTKyAad N CneayeT yTBEPXKAEHUE TEOPEMBbI.
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3ameyaHue

Teopema JlarpaH»xa sSIBASIETCA YaCTHbIM Cly4aemM TeopeMbl Kowum, korga
g(x) = x.
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CeoiicTBa AndpdepeHLmnpyembix yHKLN

®opmyna Teiinopa

Myctb cywectsyet f(")(xg). Torma B HekoTopoii okpecTHOCTU U(xp) MOXHO
HanncaTb PaBE€HCTBO

(K)(x
f(x) = Z fT(IO)(X —x0)K 4 r(F,x) = Po(f, %) + ra(f, %),
k=0 ’

KOTOpOe Ha3biBaeTcst ¢hopmysioii Tesinopa pyHkuum f B Touke xg. [pn atom
AUEY)
k!
mHoro4neHom Teiinopa, r,(f, x) — octatouHbim 4neHom dbopmynbl Teiinopa

(nocne n-ro unena).

(x — x0)* HazbiBaeTca k-bim uneHom dopmynel Teiinopa, P,(f,x) -
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Mycts cywectayior £ (xp), ' Ha U(xp). Toraa npu x € U(xp)

(ra(f,x)) = rp_1(f', x).
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Mycts cywectayior £ (xp), ' Ha U(xp). Toraa npu x € U(xp)

(ra(f,x)) = rp_1(f', x).

[okasaTenbcTso.
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Teopema (copmyna Telinopa ¢ octatouHbiM YneHom B copme [eaHo)

Mycte n € N, u nycts cywectsyet f("(x). Toraa cnpasegnusa dbopmyna
Teiinopa, B koTopoii r,(f,x) = o((x — xp)") npu x — Xp.

TrushinBV.ru ®opmyna Teiinopa 15 okTabpsa 2013 r. 10 / 13



Teopema (copmyna Telinopa ¢ octatouHbiM YneHom B copme [eaHo)

Mycte n € N, u nycts cywectsyet f("(x). Toraa cnpasegnusa dbopmyna
Teiinopa, B koTopoii r,(f,x) = o((x — xp)") npu x — Xp.

[okasatenbcTBo bysem nposogutb no uHgykuun. Mpu n = 1 yTBepxaeHune
Teopembl BepHO. B camom gene, B aTom cnyydae dpynkuynsa f audpdepeHunpyema B
Touke xp. CnepgosaTtensHo,

f(x) — f(x) = f(x0)(x — x0) + o(x — x0), X — xo,

4YTO COBNAAdaeT C YTBEPXKAEHNEM TEOPEMBbI.
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Teopema (copmyna Telinopa ¢ octatouHbiM YneHom B copme [eaHo)

Mycte n € N, u nycts cywectsyet f("(x). Toraa cnpasegnusa dbopmyna
Teiinopa, B koTopoii r,(f,x) = o((x — xp)") npu x — Xp.

[okasatenbcTBo bysem nposogutb no uHgykuun. Mpu n = 1 yTBepxaeHune
Teopembl BepHO. B camom gene, B aTom cnyydae dpynkuynsa f audpdepeHunpyema B
Touke xp. CnepgosaTtensHo,

f(x) — f(x) = f(x0)(x — x0) + o(x — x0), X — xo,

YTO COBMAAAET C YTBEPXKIAEHNEM TEOPEMBI.

MNpegnonoxum, 410 yTBEPXXAEHME TEOPEMBI BEPHO Npyt N — 1 > 1 BMECTO n n
MOKa>keM, YTO OHO BEpHO B NMpuBeaeHHol opme. cnonb3ys Teopemy Jlarpatxa
1 NpeablayLLytO IeMMY, UMeeM

ra(f,x) = ra(f,x) — ra(f, x0) = rn—1(f', ¢)(x — x0),

roe xg < ¢ < x unm x < ¢ < Xp.
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Teopema (copmyna Telinopa ¢ octatouHbiM YneHom B copme [eaHo)

Mycte n € N, u nycts cywectsyet f("(x). Toraa cnpasegnusa dbopmyna
Teiinopa, B koTopoii r,(f,x) = o((x — xp)") npu x — Xp.

[okasatenbcTBo bysem nposogutb no uHgykuun. Mpu n = 1 yTBepxaeHune
Teopembl BepHO. B camom gene, B aTom cnyydae dpynkuynsa f audpdepeHunpyema B
Touke xp. CnepgosaTtensHo,

f(x) — f(x) = f(x0)(x — x0) + o(x — x0), X — xo,

YTO COBMAAAET C YTBEPXKIAEHNEM TEOPEMBI.

MNpegnonoxum, 410 yTBEPXXAEHME TEOPEMBI BEPHO Npyt N — 1 > 1 BMECTO n n
MOKa>keM, YTO OHO BEpHO B NMpuBeaeHHol opme. cnonb3ys Teopemy Jlarpatxa
1 NpeablayLLytO IeMMY, UMeeM

ra(f,x) = ra(f,x) — ra(f, x0) = rn—1(f', ¢)(x — x0),
rae xo < ¢ < x uim x < ¢ < Xp.
Mo npegnonoxennio uaykumn r,—1(f’,¢) = o((c — x0)" ) = o((x — x0)" 1)
npu x — xg. CnegoBaTtensHo,
ra(fyx) = o((x —x0)") npu  x — xo,

4TO 1 TPebOoBaNOCh NOKA3aTh.
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Teopema (cpopmyna Teiinopa ¢ ocTaTouHBIM YneHOM B hopme

Jlarpanxa)

Myctb x > xo, n € Ng, f(") nenpepbisHa Ha OTpeske [x0; X],  nycTb cywecTByet
f("1) ya untepBane (x0; x). Torma cnpasegnuea cpopmyna Teinopa, B KoTopoi

f(n+1)(c)

ra(f,x) = m

(x — Xo)”+1

)

rae ¢ € (xo; x).

[okazaTenbcTBO OyfemM NpoOBOAUTL MO UHAYKLMU, CHUTAsH ANiS ONPESeNeHHOCTH
x > xp. [pn n = 0 Teopema coBnapaet ¢ Teopemoii JlarpaHxa.
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Teopema (cpopmyna Teiinopa ¢ ocTaTouHBIM YneHOM B hopme

Jlarpanxa)

Myctb x > xo, n € Ng, f(") nenpepbisHa Ha OTpeske [x0; X],  nycTb cywecTByet
f("1) ya untepBane (x0; x). Torma cnpaeegnusa dopmyna Teiinopa, B KOTOpPOi
f(n+1)(c)
(n+ 1!

n+1

ra(f,x) = (x —x0)"",

rae ¢ € (xo; x).

[okazaTenbcTBO OyfemM NpoOBOAUTL MO UHAYKLMU, CHUTAsH ANiS ONPESeNeHHOCTH
x > xp. Mpn n = 0 Teopema coBnapaet ¢ Teopemoii Jlarpanxa. Npegnonoxum,
YTO YTBEPXXAEHME BEPHO Npy N — 1 BMECTO N 1 YCTAaHOBUM, YTO OHO BEPHO B
npusegeHHom Buge. Mcnonb3sys Teopemy Kowwm o cpegHem u nemmy, nveem

ra(f, x) _ ra(f,x) — ra(f, x0) _
(x = x0)™1  (x = x0)" — (x0 — Xp)"H1
fn—1(f/,C) (f/)(n)(d) - f(n+1)(d)

T (h+D)(c—x)" (n+Dnal (n+ 1)’
roe xg < d < ¢ < x, a npeanociegHee paBeHCTBO HAMWCaHoO B cuny

npeanoONOXXEHNA NHOYKLNN.
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Teopema eqUHCTBEHHOCTH

Mycts Ha U(x)

f(x) =ao+ ai(x — x0) + -+ + an(x — x0)" + o((x — x0)"),

f(x) = bo+ bi(x —x0) + -+ + bn(x — x0)" + o((x — x0)")

npum x — Xg. lorpa ag = by, a1 = by, ..., a, = b,.
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Teopema eqUHCTBEHHOCTH

Mycts Ha U(x)
f(x)=ap+ ai(x —x0) + -+ an(x — x0)" + o((x — x0)"),

f(x) = bo+ bi(x —x0) + -+ + bn(x — x0)" + o((x — x0)")

npum x — Xg. lorpa ag = by, a1 = by, ..., a, = b,.

[okaszatenbcTBo. Boiuntas nouneHHo ogHo npeacrasnenue pyHkuun f n3
LPYroro, BUANUM, 4TO JOCTAaTOYHO [OKa3aTb, 4YTO 13

o+ a(x —x0) + ...+ co(x —x0)" = o((x — x0)") npn x — xg

cnepyet, 4To (g = ¢ = - -+ = ¢, = 0.
MNepexoast B 3TOM paBeHCTBE K npefeny npu x — xg, nony4vaem, 4to ¢g = 0.
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o+ a(x —x0) + ...+ co(x —x0)" = o((x — x0)") npn x — xg

cnepyet, 4To (g = ¢ = - -+ = ¢, = 0.
MNepexoast B 3TOM paBeHCTBE K npefeny npu x — xg, nony4vaem, 4to ¢g = 0.
y‘-lI/ITbIBaﬂ 9TO, NOAENNM €ro NOYNEeHHO Ha X — Xp. nOJ'Iy‘-lI/IM

a1+ ax —x0) + 4 cnlx —x0)"" = o((x — x0)"1) npu x — xq.

epexoasi B 3TOM paBeHCTBe K nMpefeny npu x — xp, noay4aem, 4to ¢; = 0.
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Teopema eqUHCTBEHHOCTH

Mycts Ha U(x)
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f(x) = bo+ bi(x —x0) + -+ + bn(x — x0)" + o((x — x0)")
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o+ a(x —x0) + ...+ co(x —x0)" = o((x — x0)") npn x — xg

cnepyet, 4To (g = ¢ = - -+ = ¢, = 0.
MNepexoast B 3TOM paBeHCTBE K npefeny npu x — xg, nony4vaem, 4to ¢g = 0.
y‘-lI/ITbIBaﬂ 9TO, NOAENNM €ro NOYNEeHHO Ha X — Xp. nOJ'Iy‘-lI/IM

a1+ ax —x0) + 4 cnlx —x0)"" = o((x — x0)"1) npu x — xq.

[epexonsi B 5TOM paBeHCTBE K Mpegeny npu x — xg, noay4vaem, 4to ¢; = 0.
VunTeiBas 3T0 1 aensi 0be 4aCcTm NOCNEAHEro PaBEHCTBA Ha X — Xg, NOCAHE
nepexoga k npegeny nony4daem, 4to ¢; = 0. [loctynas tak ganbwe, npuxogum K
paBeHCTBaM ¢y = C¢; = -+ = C, = 0, 4TO 1 TpebOBaNOCh AOKA3aTh.
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Cneacteue
Mycte cywectsyer £("(x), n nycts
f(x) =ao+ ai(x —x0) + -+ an(x — x0)" + o((x — x0)")

npu x — Xg. Torga aTo pa3sioKeHue SIBASIETCS pa3siokeHneM f no cdpopmyne
Teiinopa c octatoyHbiM 4sieHoM B hopme [NeaHo.
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Cneacteue

Mycte cywectsyer £("(x), n nycts
f(x) = a0+ ai(x —x0) + -+ an(x — x0)" + o((x — x0)")

npu x — Xg. Torga aTo pa3sioKeHue SIBASIETCS pa3siokeHneM f no cdpopmyne
Teiinopa c octatoyHbiM 4sieHoM B hopme [NeaHo.

VnpaxHeHne

Myctb ans byHKUNM f BBINONHSETCS PABEHCTBO U3 CneacTBusi. Bnever nu 3to 3a
coboii cyuiectsosanue f/(xo), ' (x0), ... (M (xp).
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