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Ïðîèçâîäíàÿ è äèôôåðåíöèàë
Ïðîèçâîäíàÿ îáðàòíîé ôóíêöèè

Òåîðåìà

Ïóñòü ôóíêöèÿ y = f (x) íåïðåðûâíà è ñòðîãî ìîíîòîííà íà U(x0), è ïóñòü
f ′(x0) 6= 0. Òîãäà îáðàòíàÿ ôóíêöèÿ x = f −1(y) èìååò ïðîèçâîäíóþ â òî÷êå

y0 = f (x0), ïðè÷åì (f −1)′(y0) =
1

f ′(x0)
.

Äîêàçàòåëüñòâî. Ïî òåîðåìå îá îáðàòíîé ôóíêöèè f −1 îïðåäåëåíà, ñòðîãî
ìîíîòîííà è íåïðåðûâíà íà íåêîòîðîé îêðåñòíîñòè U(y0) òî÷êè y0.
Â ñèëó äèôôåðåíöèðóåìîñòè ôóíêöèè f â òî÷êå x0 ïðèðàùåíèÿ ∆x = x − x0
è ∆y = f (x0 + ∆x)− f (x0) ñâÿçàíû ñîîòíîøåíèåì

∆y = (f ′(x0) + ε(∆x))∆x ,

ãäå ε(∆x)→ 0 ïðè ∆x → 0.
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Â ñèëó ñòðîãîé ìîíîòîííîñòè f êàæäîå èç ïðèðàùåíèé ∆x , ∆y îäíîçíà÷íî
îïðåäåëÿåòñÿ äðóãèì. Áóäåì ñ÷èòàòü òåïåðü ∆y íåçàâèñèìûì, òîãäà ∆x
ñòðîãî ìîíîòîííà è íåïðåðûâíà íà íåêîòîðîé îêðåñòíîñòè U(0) òî÷êè 0.
Òîãäà

∆y = (f ′(x0) + ε(∆x))∆x .

Ïî òåîðåìå î ïðåäåëå ñóïåðïîçèöèè ε(∆x)→ 0 ïðè ∆y → 0. Òîãäà

∆x

∆y
=

1

f ′(x0) + ε(∆x)
→ 1

f ′(x0)
ïðè ∆y → 0,

÷òî è òðåáîâàëîñü äîêàçàòü.
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Ïðîèçâîäíàÿ è äèôôåðåíöèàë
Ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè

Òåîðåìà

Ïóñòü ∃ f ′(y0), ϕ′(x0), ãäå y0 = ϕ(x0). Òîãäà

∃ (f (ϕ))′(x0) = f ′(y0)ϕ′(x0).

Äîêàçàòåëüñòâî. Èç ñóùåñòâîâàíèÿ f ′(y0), ϕ′(x0) ñëåäóåò, ÷òî f , ϕ
íåïðåðûâíû â òî÷êàõ y0, x0 ñîîòâåòñòâåííî. Ïî òåîðåìå î íåïðåðûâíîñòè
ñóïåðïîçèöèè ôóíêöèÿ

z = F (x) = f (ϕ(x))

îïðåäåëåíà íà íåêîòîðîé îêðåñòíîñòè U(x0) òî÷êè x0. Èç óñëîâèé òåîðåìû
ñëåäóåò, ÷òî ïðèðàùåíèÿ ∆z è ∆y ñîîòâåòñòâåííî ôóíêöèé f è ϕ
ïðåäñòàâèìû â âèäå

∆z = f ′(y0)∆y + ε(∆y)∆y , ε(∆y)→ 0 ïðè ∆y → 0,

∆y = ϕ′(x0)∆x + ε1(∆x)∆x , ε1(∆x)→ 0 ïðè ∆x → 0.
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Äîîïðåäåëèì ôóíêöèþ ε â òî÷êå 0, ïîëîæèâ ε(0) = 0, òîãäà ïåðâîå èç ýòèõ
ðàâåíñòâ îêàæåòñÿ âåðíûì è ïðè ∆y = 0.

Ñ÷èòàÿ, ÷òî â ïåðâîì èç ýòèõ ðàâåíñòâ ïðèðàùåíèå ∆y âûçâàíî
ïðèðàùåíèåì ∆x , âûðàçèì ∆z ÷åðåç ∆x , ïîäñòàâëÿÿ ∆y èç âòîðîãî
ðàâåíñòâà â ïåðâîå.

∆z = ∆F (x0) = f ′(y0) (ϕ′(x0)∆x + ε1(∆x)∆x) + ε(∆y)∆y =

= f ′(y0)ϕ′(x0)∆x + f ′(y0)ε1(∆x)∆x + ε(∆y)∆y .

Ïîäåëèâ ýòî ðàâåíñòâî ïî÷ëåííî íà ∆x , ïîëó÷èì

∆z

∆x
= f ′(y0)ϕ′(x0) + f ′(y0)ε1(∆x) + ε(∆y)

∆y

∆x
.

Ó÷èòûâàÿ, ÷òî ∆y → 0, à
∆y

∆x
→ ϕ′(x0) ïðè ∆x → 0, è ïåðåõîäÿ â ïîñëåäíåì

ðàâåíñòâå ê ïðåäåëó ïðè ∆x → 0, ïîëó÷àåì óòâåðæäåíèå òåîðåìû.
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Çàìå÷àíèå

Â ïðåäûäóùåé òåîðåìå ôóíêöèè f , ϕ îïðåäåëåíû íà íåêîòîðûõ îêðåñòíîñòÿõ
U(y0), U(x0) ñîîòâåòñòâåííî. Ýòî óñëîâèå ìîæíî çàìåíèòü áîëåå îáùèì,
ïîòðåáîâàâ, ÷òîáû f è/èëè ϕ áûëè îïðåäåëåíû ëèøü íà ïîëóîêðåñòíîñòÿõ
òî÷åê y0, x0 ñîîòâåòñòâåííî, íî ÷òîáû ïðè ýòîì ñëîæíàÿ ôóíêöèÿ èìåëà
ñìûñë. Òîãäà ðàâåíñòâî (f (ϕ))′(x0) = f ′(y0)ϕ′(x0) ïî-ïðåæíåìó áóäåò èìåòü
ìåñòî, åñëè ïîä ïðîèçâîäíûìè ïðè íåîáõîäèìîñòè ïîíèìàòü îäíîñòîðîííèå
ïðîèçâîäíûå.

Ðàññìîòðèì â òî÷êå t0 ∈ (α, β) äèôôåðåíöèàë ñëîæíîé ôóíêöèè f (x), ãäå
ôóíêöèè f : (a, b)→ R è x : (α, β)→ (a, b) èìåþò ïðîèçâîäíûå f ′(x0), ãäå
x ′(t0), x0 = x(t0). Â ñèëó òåîðåìû î ïðîèçâîäíîé ñëîæíîé ôóíêöèè

df (x)(t0) = f ′(x(t0))x ′(t0) dt = f ′(x(t0)) dx(t0).

Îïóñòèì îáîçíà÷åíèå àðãóìåíòà t0:

df (x) = f ′(x) dx , ãäå x : (α, β)→ (a, b).

Çäåñü dx � äèôôåðåíöèàë ôóíêöèè. Ìû âèäèì, ÷òî äèôôåðåíöèàë df (x)
èìååò òó æå ôîðìó, êàê åñëè áû x áûëî íåçàâèñèìûì ïåðåìåííûì. Ýòî
ñâîéñòâî íàçûâàåòñÿ èíâàðèàíòíîñòüþ ôîðìû ïåðâîãî äèôôåðåíöèàëà.
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Ïðîèçâîäíàÿ è äèôôåðåíöèàë
Ïðîèçâîäíàÿ ïàðàìåòðè÷åñêè çàäàííîé ôóíêöèè

Ïîêàæåì, êàê íàõîäèòü ïðîèçâîäíóþ ïàðàìåòðè÷åñêè çàäàííîé ôóíêöèè, òî
åñòü ôóíêöèè y(x), çàäàííîé â âèäå{

x = ϕ(t),

y = ψ(t).
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y = ψ(t) = ψ(ϕ−1(x)). Ïðèìåíÿÿ ôîðìóëó äèôôåðåíöèðîâàíèÿ ñëîæíîé
ôóíêöèè, ïîëó÷àåì

dy

dx
(x0) = ψ′(t0)

1

ϕ′(t0)
=
ψ′(t0)

ϕ′(t0)
.
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Ïðîèçâîäíàÿ è äèôôåðåíöèàë
Ïðîèçâîäíàÿ íåÿâíî çàäàííîé ôóíêöèè

Ïîêàæåì, êàê íàõîäèòü ïðîèçâîäíóþ ôóíêöèè çàäàííîé íåÿâíî. Ïóñòü çàäàíî
óðàâíåíèå F (x , y) = 0, èìåþùåå äëÿ êàæäîãî x ∈ U(x0) ðåøåíèå y = f (x):

∀ x ∈ U(x0) → F (x , f (x)) = 0.

Ïðè ýòîì ãîâîðÿò, ÷òî ôóíêöèÿ f íåÿâíî çàäàíà óðàâíåíèåì F (x , y) = 0.

Ïðåäïîëîæèì, ÷òî f äèôôåðåíöèðóåìà íà U(x0) è ÷òî ëåâàÿ ÷àñòü
òîæäåñòâà F (x , f (x)) ≡ 0 ïðåäñòàâëÿåò ñîáîé äèôôåðåíöèðóåìóþ ôóíêöèþ,
ïðîäèôôåðåíöèðóåì ýòî òîæäåñòâî ïî÷ëåííî. Ïðîäèôôåðåíöèðîâàííîå
òîæäåñòâî ëèíåéíî çàâèñèò îò f ′ è ìîæåò áûòü ðàçðåøåíî îòíîñèòåëüíî íåãî.
Âûðàçèâ f ′, ìû íàéäåì òåì ñàìûì ïðîèçâîäíóþ íåÿâíî çàäàííîé ôóíêöèè.
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Ïðîèçâîäíàÿ è äèôôåðåíöèàë
Ïðîèçâîäíûå è äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ

Ïóñòü ôóíêöèÿ f îïðåäåëåíà íà U(x0) è èìååò òàì ïðîèçâîäíóþ f ′(x).
Ïðîèçâîäíàÿ f ′(x) ñàìà ÿâëÿåòñÿ ôóíêöèåé ïåðåìåííîãî x . Åñëè îíà â òî÷êå
x0 èìååò ïðîèçâîäíóþ (f ′)′(x0), òî ýòó ïðîèçâîäíóþ íàçûâàþò âòîðîé
ïðîèçâîäíîé ôóíêöèè f â òî÷êå x0 è îáîçíà÷àþò f ′′(x0).

Âîîáùå, ïðîèçâîäíàÿ ïîðÿäêà n ôóíêöèè f îïðåäåëÿåòñÿ ðàâåíñòâîì

f (n)(x0) =
(
f (n−1)(x)

)′∣∣∣∣
x=x0

, n ∈ N.

Èç íåãî âèäíî, â ÷àñòíîñòè, ÷òî åñëè ñóùåñòâóåò ïðîèçâîäíàÿ f (n)(x0), òî
ïðîèçâîäíàÿ f (n−1) äîëæíà áûòü îïðåäåëåíà â íåêîòîðîé îêðåñòíîñòè U(x0)
òî÷êè x0.

Ïðîèçâîäíûå ïîðÿäêà n îáîçíà÷àþò ñèìâîëàìè f (n)(x0) èëè
dnf (x0)

dxn
.

Óäîáíî ñ÷èòàòü, ÷òî f (0)(x) = f (x).
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Òåîðåìà (ñâîéñòâà ïðîèçâîäíûõ âûñøèõ ïîðÿäêîâ)

Ïóñòü ñóùåñòâóþò f (n)(x0), g (n)(x0). Òîãäà â òî÷êå x0
1 ∃ (f ± g)(n) = f (n) ± g (n);

2 ∃ (fg)(n) = f (n)g + C 1
n f

(n−1)g (1) + · · ·+ fg (n) =
n∑

k=0

C k
n f

(n−k)g (k), ãäå

C k
n =

n!

k!(n − k)!
.

(ôîðìóëà Ëåéáíèöà)

Äîêàçàòåëüñòâî ôîðìóëû Ëåéáíèöà ïðîâåäåì ïî èíäóêöèè. Â ñëó÷àå n = 1
ýòà ôîðìóëà áûëà óñòàíîâëåíà âûøå. Â ïðåäïîëîæåíèè, ÷òî îíà âåðíà äëÿ
ïðîèçâîäíîé ïîðÿäêà n, óñòàíîâèì åå äëÿ ïðîèçâîäíîé ïîðÿäêà n + 1.
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Èìååì

(fg)(n+1) = ((fg)(n))′ =

(
n∑

k=0

C k
n f

(n−k)g (k)

)′
=

=
n∑

k=0

C k
n

(
f (n−k+1)g (k) + f (n−k)g (k+1)

)
=

=
n∑

k=0

C k
n f

(n+1−k)g (k) +
n+1∑
j=1

C j−1
n f (n+1−j)g (j) =

= C 0
n f

(n+1)g +
n∑

k=1

(C k
n + C k−1

n )f (n+1−k)g (k) + C n
n f

(0)g (n+1).

Îñòàëîñü ïîêàçàòü, ÷òî C k
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=
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=
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= C k
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Ââåäåì òåïåðü ïîíÿòèå äèôôåðåíöèàëîâ âûñøèõ ïîðÿäêîâ.

Åñëè ôóíêöèÿ f òàêîâà, ÷òî åå ïðîèçâîäíàÿ f ′ ñóùåñòâóåò íà íåêîòîðîé
îêðåñòíîñòè U(x0) òî÷êè x0, òî äèôôåðåíöèàë ôóíêöèè f

df (x) = f ′(x) dx , x ∈ U(x0),

ÿâëÿåòñÿ ôóíêöèåé àðãóìåíòà x (áóäåì ñ÷èòàòü dx ôèêñèðîâàííûì). Åñëè f ′

äèôôåðåíöèðóåìà â òî÷êå x0, òî ìîæíî ðàññìîòðåòü äèôôåðåíöèàë îò
df (x), òî åñòü d(df (x)). Äèôôåðåíöèàë íåçàâèñèìîãî ïåðåìåííîãî â
âûðàæåíèè äèôôåðåíöèàëà d áóäåì îáîçíà÷àòü ÷åðåç dx .
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Îïðåäåëåíèå

Âòîðûì äèôôåðåíöèàëîì ôóíêöèè f â òî÷êå x0 íàçûâàåòñÿ

d2f (x0) = d(df )(x0)

∣∣∣∣
dx=dx

.

Ïîýòîìó

d2f (x0) = d(df )(x0)

∣∣∣∣
dx=dx

= d(f ′(x) dx)(x0)

∣∣∣∣
dx=dx

=

= (f ′(x) dx)′(x0)dx

∣∣∣∣
dx=dx

= f ′′(x0)(dx)2.

Îïðåäåëåíèå

n-ûì äèôôåðåíöèàëîì ôóíêöèè f â òî÷êå x0 íàçûâàåòñÿ

dnf (x0) = d(dn−1f )(x0)

∣∣∣∣
dx=dx

.
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Ïðèìåíÿÿ ìåòîä ìàòåìàòè÷åñêîé èíäóêöèè, ëåãêî óáåæäàåìñÿ, ÷òî åñëè
ñóùåñòâóåò f (n)(x0), òî ñóùåñòâóåò

dnf (x0) = f (n)(x0)(dx)n.

Ïîñëåäíÿÿ ôîðìóëà ïðè n > 2 (â îòëè÷èå îò n = 1) âåðíà ëèøü â ñëó÷àå,
êîãäà x � íåçàâèñèìîå ïåðåìåííîå. Ïîêàæåì ýòî â ñëó÷àå n = 2. Íàéäåì
âûðàæåíèå âòîðîãî äèôôåðåíöèàëà ñëîæíîé ôóíêöèè f (x), ñ÷èòàÿ, ÷òî
ôóíêöèÿ f äâàæäû äèôôåðåíöèðóåìà â òî÷êå x0, à åå àðãóìåíò x ÿâëÿåòñÿ
äâàæäû äèôôåðåíöèðóåìîé â òî÷êå t0 ôóíêöèåé x = x(t) íåêîòîðîãî
íåçàâèñèìîãî ïåðåìåííîãî t, x0 = x(t0). Èìååì

d2f (x) = (f (x))′′tt(dt)2 = (f ′(x)x ′)′t(dt)2 =

= (f ′′(x)(x ′)2 + f ′(x)x ′′)(dt)2 = f ′′(x)(dx)2 + f ′(x) d2x .

Èòàê, d2f (x) = f ′′(x)(dx)2 + f ′(x)d2x .
Ïîýòîìó âòîðîé äèôôåðåíöèàë íå îáëàäàåò ñâîéñòâîì èíâàðèàíòíîñòè
ôîðìû.
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Îïðåäåëåíèå

Ôóíêöèÿ f íàçûâàåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé â òî÷êå åñëè åå
ïðîèçâîäíàÿ f ′ íåïðåðûâíà â ýòîé òî÷êå.

Ôóíêöèÿ f íàçûâàåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé íà ïðîìåæóòêå åñëè
åå ïðîèçâîäíàÿ f ′ íåïðåðûâíà íà ýòîì ïðîìåæóòêå (ïðè ýòîì â êîíöàõ
ïðîìåæóòêà ïðîèçâîäíàÿ è íåïðåðûâíîñòü ïîíèìàþòñÿ êàê îäíîñòîðîííèå).

Åñëè çàìåíèòü â ýòîì îïðåäåëåíèè f ′ íà f (n), n ∈ N, ïîëó÷èì îïðåäåëåíèå n
ðàç íåïðåðûâíî äèôôåðåíöèðóåìîé ôóíêöèè.
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Îïðåäåëåíèå
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Îïðåäåëåíèå
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